
Îïåðàòîð Øòóðìà-Ëèóâèëëÿ

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Äàííîå ïîñîáèå ïîñâÿùåíî ìåòîäàì ðåøåíèÿ òèïîâûõ çàäà÷, ñâÿçàííûõ
ñî ñâîéñòâàìè îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Îïðåäåëåíèå îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ íàçûâàþò ëèíåéíûé äèôôåðåíöèàëüíûé
îïåðàòîð

A : D(A)→ L2[a, b] ,

èìåþùèé âèä

(Af)(x) = −
(
p(x)f ′(x)

)′
+ q(x)f(x), x ∈ [a, b], f ∈ D(A),

ãäå

D(A) = {f ∈ W 2,2[a, b] : α1f(a)− α2f
′(a) = 0, β1f(b) + β2f

′(b) = 0}

ïðè÷åì ÷èñëà α1, α2, β1, β2 íåîòðèöàòåëüíû è

α2
1 + α2

2 6= 0, β2
1 + β2

2 6= 0.

Çàìå÷àíèå 1. Â êëàññè÷åñêîì îïðåäåëåíèè îïåðàòîðàØòóðìà-Ëèóâèëëÿ
íà ôóíêöèè p(x) è q(x) íàêëàäûâàþò ñëåäóþùèå îãðàíè÷åíèÿ:

� p(x) ∈ C1[a, b] è p(x) > 0 äëÿ ∀x ∈ [a, b];
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� q(x) ∈ C[a, b] è q(x) ≥ 0 äëÿ ∀x ∈ [a, b].

Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Çàäà÷ó ïîèñêà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé îïåðàòîðà
Øòóðìà-Ëèóâèëëÿ

(Af)(x) = λf(x), x ∈ [a, b], f ∈ D(A)

íàçûâàþò çàäà÷åé Øòóðìà-Ëèóâèëëÿ.

Èíòåãðàëüíîå ÿäðî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Óòâåðæäåíèå 1. Åñëè λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïå-
ðàòîðà Øòóðìà-Ëèóâèëëÿ A, òî äëÿ ëþáîé ôóíêöèè g ∈ L2[a, b] ðåøåíèå
óðàâíåíèÿ

Af(x) = g(x)

ìîæíî ïðåäñòàâèòü â âèäå

f(x) =

b∫
a

G(x, t)g(t)dt, g ∈ L2[a, b], x ∈ [a, b].

Ôóíêöèþ G(x, t) íàçûâàþò èíòåãðàëüíûì ÿäðîì (ðàçðåøàþùèì ÿäðîì) îïå-
ðàòîðà Øòóðìà-Ëèóâèëëÿ.

Ïî ñâîåìó ñìûñëó èíòåãðàëüíûé îïåðàòîð

(Lg)(x) =

b∫
a

G(x, t)g(t)dt, g ∈ L2[a, b], x ∈ [a, b].

ïðåäñòàâëÿåò ñîáîé îïåðàòîð, îáðàòíûé ê îïåðàòîðó Øòóðìà-Ëèóâèëëÿ, òî
åñòü

Lg = A−1g

Çàìå÷àíèå 2. Íàïîìíèì, ÷òî ëèíåéíûé îïåðàòîð B èìååò îáðàòíûé
⇔ KerB = {0} ⇔ λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòî-
ðà B.
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Ïîñòðîåíèå èíòåãðàëüíîãî ÿäðà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Ðàññìîòðèì îïåðàòîð Øòóðìà-Ëèóâèëëÿ A, ó êîòîðîãî λ = 0 íå ÿâëÿ-
åòñÿ ñîáñòâåííûì çíà÷åíèåì, è ïîñòðîèì åãî èíòåãðàëüíîå ÿäðî ïî ñëåäóþ-
ùåé ñõåìå:

1. Íàéäåì f1(x) - íåíóëåâîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

(Af)(x) = 0,

óäîâëåòâîðÿþùåå òîëüêî êðàåâîìó óñëîâèþ íà ëåâîì êîíöå îòðåçêà [a, b]:

α1f(a)− α2f
′(a) = 0

2. Íàéäåì f2(x) - íåíóëåâîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

(Af)(x) = 0,

óäîâëåòâîðÿþùåå òîëüêî êðàåâîìó óñëîâèþ íà ïðàâîì êîíöå îòðåçêà
[a, b]:

β1f(b) + β2f
′(b) = 0

3. Âû÷èñëèì W (x) - îïðåäåëèòåëü Âðîíñêîãî äëÿ f1(x) è f2(x)

W (x) =

∣∣∣∣f1(x) f2(x)
f ′1(x) f ′2(x)

∣∣∣∣
è íàéäåì

p(x)W (x)

4. Âûïèøåì èíòåãðàëüíîå ÿäðî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ â âèäå

G(x, t) = − 1

p(x)W (x)

{
f1(x) · f2(t), a ≤ x ≤ t ≤ b,

f2(x) · f1(t), a ≤ t ≤ x ≤ b.

Çàìå÷àíèå 3. Èç òîãî, ÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïå-
ðàòîðà A, ñëåäóåò, ÷òî îïðåäåëèòåëü Âðîíñêîãî

W (x) 6= 0 äëÿ ∀x ∈ [a, b]

Äëÿ äîêàçàòåëüñòâà çàìå÷àíèÿ 3 âîñïîëüçóåìñÿ ìåòîäîì ¾îò ïðîòèâíîãî¿.
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Ïóñòü ∃x0 ∈ [a, b] òàêîå, ÷òî W (x0) = 0. Òîãäà, ïîñêîëüêó f1(x) è f2(x) �
ðåøåíèÿ óðàâíåíèÿ (Af)(x) = 0, òî

W (x) ≡ 0 äëÿ ∀x ∈ [a, b].

Â ÷àñòíîñòè, W (b) = 0. Ñëåäîâàòåëüíî, ñóùåñòâóåò ÷èñëî k òàêîå, ÷òî{
f1(b) = k f2(b),

f ′1(b) = k f ′2(b).

Íî òîãäà ðåøåíèå f1(x) áóäåò óäîâëåòâîðÿòü òàêæå è êðàåâîìó óñëîâèþ â
òî÷êå b, òî åñòü áóäåò ñîáñòâåííîé ôóíêöèåé îïåðàòîðà A ñ λ = 0.

Ïðîòèâîðå÷èå.
Çàìå÷àíèå 4.

p(x)W (x) = const äëÿ ∀x ∈ [a, b]

Äëÿ äîêàçàòåëüñòâà çàïèøåì óðàâíåíèå

(Af)(x) = −
(
p(x)f ′(x)

)′
+ q(x)f(x) = 0

â âèäå
−p(x)f ′′(x)− p′(x)f ′(x) + q(x)f(x) = 0

Ïî ôîðìóëå Ëèóâèëëÿ

W (x) = Ce
−

∫
p′(x)
p(x) dx

= C1e
− ln p(x) =

C1

p(x)

Ñëåäîâàòåëüíî,
p(x)W (x) = C1 ,

÷òî è òðåáîâàëîñü äîêàçàòü.
Çàìå÷àíèå 5. Ïðè ðåøåíèè çàäà÷ ïðîâîäèòü îòäåëüíóþ ïðîâåðêó òîãî,

÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A, íå íóæíî.
Äîêàæåì, ÷òî â ñëó÷àå, êîãäà λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì

îïåðàòîðà A, èíòåãðàëüíîå ÿäðî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ïîñòðîèòü íå
óäàñòñÿ.

Äåéñòâèòåëüíî, ïóñòü z(x) � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà A ñ ñîá-
ñòâåííûì çíà÷åíèåì λ = 0.
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Òîãäà (Af)(x) = 0 è îïðåäåëèòåëü Âðîíñêîãî äëÿ ôóíêöèé z(x) è f1(x)

W1(x) =

∣∣∣∣z(x) f1(x)
z′(x) f ′1(x)

∣∣∣∣
îáðàùàåòñÿ â íóëü ïðè x = a.

Çíà÷èò, ñóùåñòâóåò ÷èñëî k1 òàêîå, ÷òî f1(x) = k1z(x) äëÿ ∀x ∈ [a, b].
Òî÷íî òàê æå äîêàçûâàåì, ÷òî ñóùåñòâóåò ÷èñëî k2 òàêîå, ÷òî f2(x) =

k2z(x) äëÿ ∀x ∈ [a, b].
Ñëåäîâàòåëüíî, ðåøåíèÿ f1(x) è f2(x) ëèíåéíî çàâèñèìû, èõ îïðåäå-

ëèòåëü Âðîíñêîãî W (x) ≡ 0 è èíòåãðàëüíîå ÿäðî îïåðàòîðà Øòóðìà-
Ëèóâèëëÿ ïîñòðîèòü íåâîçìîæíî.

Äîêàçàòåëüñòâî çàâåðøåíî.

Ñâåäåíèå çàäà÷è Øòóðìà-Ëèóâèëëÿ ê èíòåãðàëüíîìó óðàâíåíèþ

Åñëè λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Øòóðìà-
Ëèóâèëëÿ A, òî ðåøåíèå çàäà÷è Øòóðìà-Ëèóâèëëÿ

(Af)(x) = λf(x), x ∈ [a, b], f ∈ D(A),

ýêâèâàëåíòíî ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ

f(x) = λ

b∫
a

G(x, t)f(t)dt, f ∈ L2[a, b]

Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 Ïóñòü îïåðàòîð Øòóðìà-Ëèóâèëëÿ

A : D(A)→ L2

[
π

3
,
π

2

]
èìååò âèä

(Af)(x) = − sin2 x · f ′′(x)− sin 2x · f ′(x), x ∈
[
π

3
,
π

2

]
, f ∈ D(A),

ãäå

D(A) =

{
f ∈ W 2,2

[
π

3
,
π

2

]
: f ′

(
π

3

)
= 0, f

(
π

2

)
+ f ′

(
π

2

)
= 0

}
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Äîêàçàòü, ÷òî ñóùåñòâóåò îáðàòíûé îïåðàòîð

A−1 : L2

[
π

3
,
π

2

]
→ D(A)

è äëÿ ëþáîé ôóíêöèè g ∈ L2

[
π

3
,
π

2

]
âû÷èñëèòü ôóíêöèþ A−1g ∈ D(A).

Ðåøåíèå. Ñíà÷àëà ïðåîáðàçóåì îïåðàòîð A ê ñòàíäàðòíîìó âèäó

(Af)(x) = − sin2 x · f ′′(x)− sin 2x · f ′(x) = −
(
sin2 x · f ′(x)

)′
Ïîñòðîèì èíòåãðàëüíîå ÿäðî îïåðàòîðà A.

1. Ðåøèì óðàâíåíèå (Af)(x) = 0:

−
(
sin2 x · f ′(x)

)′
= 0

sin2 x · f ′(x) = C1

f ′(x) =
C1

sin2 x

f(x) = C1

∫
dx

sin2 x
= −C1 ctgx+ C2

2. Íàéäåì f1(x):

f ′1

(
π

3

)
= 0 ⇒ 4C1

3
= 0 ⇒ C1 = 0 ⇒ f1(x) ≡ 1

3. Íàéäåì f2(x):

f2

(
π

2

)
+ f ′2

(
π

2

)
= 0 ⇒ C2 + C1 = 0 ⇒ C1 = −C2

⇒ f2(x) = ctgx+ 1

4. Íàéäåì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣∣∣∣∣
1 ctgx+ 1

0 − 1

sin2 x

∣∣∣∣∣∣∣∣ = −
1

sin2 x

Òîãäà

p(x)W (x) = sin2 x · (−1)
sin2 x

= −1
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5. Âûïèøåì èíòåãðàëüíîå ÿäðî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ:

G(x, t) = − 1

(−1)

 ctg t+ 1, 0 ≤ x ≤ t ≤ π

2
,

ctgx+ 1, 0 ≤ t ≤ x ≤ π

2
,
=

 ctg t+ 1, 0 ≤ x ≤ t ≤ π

2
,

ctgx+ 1, 0 ≤ t ≤ x ≤ π

2
.

Ïîñêîëüêó îïðåäåëèòåëü Âðîíñêîãî W (x) 6= 0 äëÿ âñåõ x ∈
[
π

3
,
π

2

]
, òî

λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A.
Çíà÷èò, KerA = {0} è ó îïåðàòîðà A åñòü îáðàòíûé îïåðàòîð A−1.
Äîêàæåì, ÷òî îáðàòíûé îïåðàòîð A−1 îïðåäåëÿåòñÿ ôîðìóëîé

(A−1g)(x) =

π
2∫

π
3

G(x, t)g(t)dt, g ∈ L2

[
π

3
,
π

2

]
, x ∈

[
π

3
,
π

2

]
.

Äëÿ ýòîãî ðàññìîòðèì ñíà÷àëà ïðîèçâîëüíóþ ôóíêöèþ g ∈ C
[
π

3
,
π

2

]
è îáî-

çíà÷èì

f(x) =

π
2∫

π
3

G(x, t)g(t)dt

Òîãäà

f(x) = (ctgx+ 1)

x∫
π
3

g(t)dt+

π
2∫

x

(ctg t+ 1)g(t)dt (1)

Èç ñâîéñòâ èíòåãðàëîâ ñ ïåðåìåííûìè âåðõíèì è íèæíèì ïðåäåëàìè è
íåïðåðûâíîñòè ôóíêöèè g ïîëó÷àåì, ÷òî ôóíêöèÿ f äèôôåðåíöèðóåìà íà[
π

3
,
π

2

]
.
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Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (1).

f ′(x) = − 1

sin2 x

x∫
π
3

g(t)dt+ (ctgx+ 1)g(x)− (ctgx+ 1)g(x) =

= − 1

sin2 x

x∫
π
3

g(t)dt

(2)

Ñëåäîâàòåëüíî,

sin2 xf ′(x) = −
x∫

π
3

g(t)dt (3)

Â ïðàâîé ÷àñòè ðàâåíñòâà (3) ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà, çíà÷èò,
ýòî ðàâåíñòâî ìîæíî ïðîäèôôåðåíöèðîâàòü:(

sin2 xf ′(x)
)′
= −g(x)

Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè g(x)

(Af)(x) = −
(
sin2 x · f ′(x)

)′
= g(x)

Ïðîâåðèì âûïîëíåíèå êðàåâûõ óñëîâèé. Èñïîëüçóÿ ðàâåíñòâà (1) è (2),ïîëó÷àåì:

f ′
(
π

3

)
= 0

f

(
π

2

)
+ f ′

(
π

2

)
=

π
2∫

π
3

g(t)dt−

π
2∫

π
3

g(t)dt = 0

Çíà÷èò,

f(x) =

π
2∫

π
3

G(x, t)g(t)dt = (A−1g)(x) (4)

Äîêàæåì òåïåðü, ÷òî äëÿ âñåõ ôóíêöèé g ∈ L2

[
π

3
,
π

2

]
îáðàòíûé îïåðàòîð

(A−1g) îïðåäåëÿåòñÿ ôîðìóëîé (4).
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Äëÿ ýòîãî âñïîìíèì, ÷òî ìíîæåñòâî íåïðåðûâíûõ íà îòðåçêå

[
π

3
,
π

2

]
ôóíêöèé ÿâëÿåòñÿ âñþäó ïëîòíûì â L2

[
π

3
,
π

2

]
, ïîýòîìó äëÿ ëþáîé ôóíêöèè

g ∈ L2

[
π

3
,
π

2

]
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {gn(x)} òàêèõ, ÷òî

� gn(x) ∈ C
[
π

3
,
π

2

]
äëÿ âñåõ n;

� gn → g ïðè n→∞ â ïðîñòðàíñòâå L2

[
π

3
,
π

2

]
.

Ïîñêîëüêó ôóíêöèè gn(x) íåïðåðûâíû, òî ïî ôîðìóëå (4) íàõîäèì

fn(x) = (A−1gn)(x) =

π
2∫

π
3

G(x, t)gn(t)dt (5)

Èç íåïðåðûâíîñòè èíòåãðàëüíîãî îïåðàòîðà (5) ñëåäóåò, ÷òî â ïðîñòðàíñòâå

L2

[
π

3
,
π

2

]

fn(x)→ f(x) =

π
2∫

π
3

G(x, t)g(t)dt

ïðè n→∞ .
Ïðîâåðèì òåïåðü, ÷òî f(x) ∈ D(A). Ñíà÷àëà äîêàæåì, ÷òî ó f(x) åñòü

äâå îáîáùåííûå ïðîèçâîäíûå.
Ïîäñòàâëÿÿ ôóíêöèè fn(x) è gn(x) â ðàâåíñòâî (2), ïîëó÷àåì

f ′n(x) = −
1

sin2 x

x∫
π
3

gn(t)dt (6)
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Èç íåïðåðûâíîñòè èíòåãðàëüíîãî îïåðàòîðà (6) ñëåäóåò, ÷òî â ïðîñòðàí-

ñòâå L2

[
π

3
,
π

2

]
f ′n(x)→ u(x) = − 1

sin2 x

x∫
π
3

g(t)dt

ïðè n→∞ .
Èñïîëüçóÿ ôîðìóëó äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ, ïîëó÷àåì

gn(x) = (Afn)(x) = − sin2 x · f ′′n(x)− sin 2x · f ′n(x)

f ′′n(x) = −
1

sin2 x

(
gn(x) + sin 2x · f ′n(x)

)
f ′′n(x) → v(x) = − 1

sin2 x

(
g(x) + sin 2x · u(x)

)
ïðè n→∞ .

Ïîñêîëüêó ôóíêöèè fn(x) ∈ C2

[
π

3
,
π

2

]
, òî èõ îáû÷íûå ïðîèçâîäíûå ïåð-

âîãî è âòîðîãî ïîðÿäêîâ ÿâëÿþòñÿ îáîáùåííûìè ïðîèçâîäíûìè. Ïîýòîìó äëÿ

ëþáîé ôèíèòíîé â

[
π

3
,
π

2

]
ôóíêöèè h(x) èìååì

π
2∫

π
3

f ′n(x)h(x)dx = −

π
2∫

π
3

fn(x)h
′(x)dx (7)

è
π
2∫

π
3

f ′′n(x)h(x)dx =

π
2∫

π
3

fn(x)h
′′(x)dx (8)

Ïåðåõîäÿ ê ïðåäåëó ïðè n→∞ â ôîðìóëàõ (7) è (8), ïîëó÷àåì

π
2∫

π
3

u(x)h(x)dx = −

π
2∫

π
3

f(x)h′(x)dx
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π
2∫

π
3

v(x)h(x)dx =

π
2∫

π
3

f(x)h′′(x)dx

Òàêèì îáðàçîì, îáîáùåííîé ïðîèçâîäíîé f ′ ôóíêöèè f ÿâëÿåòñÿ ôóíêöèÿ u
è ñïðàâåäëèâà ôîðìóëà

f ′(x) = − 1

sin2 x

x∫
π
3

g(t)dt

÷òî è îáåñïå÷èâàåò âûïîëíåíèå êðàåâûõ óñëîâèé.
Ðåøåíèå çàäà÷è 1 çàêîí÷åíî.
Äëÿ ðåøåíèÿ çàäà÷è 2 íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå, ÿâëÿþ-

ùååñÿ ëåêöèîííûì ìàòåðèàëîì.
Óòâåðæäåíèå 2. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî. Ëèíåéíûé îïå-

ðàòîð L : D(L)→ H ïëîòíî îïðåäåëåí, âçàèìíî îäíîçíà÷åí è ñàìîñîïðÿæåí.
Òîãäà ImL âñþäó ïëîòíî â H, à îáðàòíûé îïåðàòîð L−1 : ImL→ H ÿâëÿåòñÿ
ñàìîñîïðÿæåííûì.

Çàäà÷à 2 (Çàäàíèå, çàäà÷à 2.4 à)) Ïóñòü îïåðàòîð

A : D(A)→ L2[0, 1]

ñ îáëàñòüþ îïðåäåëåíèÿ

D(A) =
{
f ∈ W 2,2[0, 1] : f(0) = 0, f ′(1) + f(1) = 0

}
èìååò âèä

(Af)(x) = f ′′(x), x ∈ [0, 1], f ∈ D(A),

1. Äîêàçàòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.

2. Íàéòè âñå åãî ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè.

3. Äîêàçàòü, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà A îáðàçóþò â L2[0, 1]
îðòîãîíàëüíûé áàçèñ.

4. Âûïèñàòü ôîðìóëó äëÿ ñïåêòðàëüíîãî ðàçëîæåíèÿ îïåðàòîðà A.
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Ðåøåíèå.

1. Ñàìîñîïðÿæåííîñòü îïåðàòîðà A.

Çàìåòèì, ÷òî îïåðàòîð (−A) ÿâëÿåòñÿ îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ,
è íàéäåì äëÿ íåãî îáðàòíûé îïåðàòîð (−A−1) .
Äëÿ ýòîãî ïîñòðîèì èíòåãðàëüíîå ÿäðî îïåðàòîðà (−A).

(a) Ðåøèì óðàâíåíèå (−Af)(x) = 0:

f ′′(x) = 0

f(x) = C1x+ C2

(b) Íàéäåì f1(x):

f1(0) = 0 ⇒ C2 = 0 ⇒ f1(x) = x

(c) Íàéäåì f2(x):

f ′2(1) + f2(1) = 0 ⇒ C1 + C1 + C2 = 0 ⇒ C2 = −2C1

⇒ f2(x) = x− 2

(d) Íàéäåì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣∣∣
x x− 2

1 1

∣∣∣∣∣∣ = x− (x− 2) = 2

Òîãäà

p(x)W (x) = 1 · 2 = 2

(e) Âûïèøåì èíòåãðàëüíîå ÿäðî îïåðàòîðà (−A):

G(x, t) = −1
2

{
x(t− 2), 0 ≤ x ≤ t ≤ 1 ,

t(x− 2), 0 ≤ t ≤ x ≤ 1 .

Ïîñêîëüêó îïðåäåëèòåëü Âðîíñêîãî W (x) 6= 0 äëÿ âñåõ x ∈ [0, 1], òî
λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà (−A).
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Îòñþäà ñëåäóåò,÷òî Ker(−A) = {0} è ó îïåðàòîðà (−A) åñòü îáðàòíûé
îïåðàòîð (−A−1) , êîòîðûé îïðåäåëÿåòñÿ ôîðìóëîé

(−A−1g)(x) = −
1∫

0

G(x, t)g(t)dt, g ∈ L2[0, 1], x ∈ [0, 1].

Ïîñêîëüêó ôóíêöèÿ G(x, t) ∈ L2

(
[0, 1] × [0, 1]

)
è G(x, t) = G(t, x) äëÿ

âñåõ x ∈ [0, 1] è t ∈ [0, 1], òî èç ñâîéñòâ èíòåãðàëüíîãî îïåðàòîðà ñëåäóåò,
÷òî îïåðàòîð (−A−1) ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.

Òàêèì îáðàçîì, îïåðàòîð A−1 îïðåäåëåí íà âñåì L2[0, 1], âçàèìíî îäíî-
çíà÷åí è ñàìîñîïðÿæåí. Âîñïîëüçîâàâøèñü óòâåðæäåíèåì 2, ïîëó÷àåì,
÷òî îïåðàòîð A ñàìîñîïðÿæåí.

2. Ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè îïåðàòîðà A.

Ïîñêîëüêó îïåðàòîð A ñàìîñîïðÿæåí è âçàèìíî îäíîçíà÷åí, òî åãî ñîá-
ñòâåííûå çíà÷åíèÿ äåéñòâèòåëüíû è îòëè÷íû îò íóëÿ.

Âîçìîæíû äâà ñëó÷àÿ.

� λ > 0

Â ýòîì ñëó÷àå, ðåøàÿ óðàâíåíèå

f ′′ = λf, f(0) = 0, f ′(1) + f(1) = 0,

ïîëó÷èì

f(x) = c1 sh
(√

λx
)
+ c2 ch

(√
λx
)

f(0) = c2 = 0

f ′(1) + f(1) = c1
√
λ ch

(√
λ
)
+ c1 sh

(√
λ
)
= 0

Ïîñêîëüêó íàñ èíòåðåñóåò ñëó÷àé c1 6= 0, òî
√
λ ch

(√
λ
)
+ sh

(√
λ
)
= 0

th
(√

λ
)
= −
√
λ

Îáîçíà÷èì
µ =
√
λ
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Òîãäà
thµ = −µ , µ > 0 (9)

Íàðèñóåì ãðàôèêè ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ (9)

Ðèñ.1

Êàê âèäíî èç ãðàôèêîâ, óðàâíåíèå (9) íå èìååò ïîëîæèòåëüíûõ êîð-
íåé. Çíà÷èò, ó îïåðàòîðà A íåò ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷å-
íèé.

� λ < 0

Â ýòîì ñëó÷àå, ðåøàÿ óðàâíåíèå

f ′′ = λf, f(0) = 0, f ′(1) + f(1) = 0,

ïîëó÷èì

f(x) = c1 sin
(√
−λx

)
+ c2 cos

(√
−λx

)
f(0) = c2 = 0

f ′(1) + f(1) = c1
√
−λ cos

(√
−λ
)
+ c1 sin

(√
−λ
)
= 0

Ïîñêîëüêó íàñ èíòåðåñóåò ñëó÷àé c1 6= 0, òî
√
−λ cos

(√
−λ
)
+ sin

(√
−λ
)
= 0

tg
(√
−λ
)
= −
√
−λ
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Îáîçíà÷èì

µ =
√
−λ

Òîãäà

tg µ = −µ , µ > 0 (10)

Íàðèñóåì ãðàôèêè ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ (10)

Ðèñ.2

Êàê âèäíî èç ãðàôèêîâ, óðàâíåíèå (10) èìååò ñ÷åòíîå ìíîæåñòâî
ïîëîæèòåëüíûõ êîðíåé

µ1 < µ2 < ... , µk ∈
(
−π
2
+ πk, πk

)
, k = 1, 2, 3, ...

Òàêèì îáðàçîì, ó îïåðàòîðà A åñòü ñ÷åòíîå ìíîæåñòâî îòðèöàòåëü-
íûõ ñîáñòâåííûõ çíà÷åíèé è ñîîòâåòñòâóþùèõ ýòèì ñîáñòâåííûì
çíà÷åíèÿì ñîáñòâåííûõ ôóíêöèé:

λk = −µ2k, fk = sin
(
µkx
)
, k = 1, 2, 3, ...

� Äîêàæåì, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà A îáðàçóþò â L2[0, 1]
îðòîãîíàëüíûé áàçèñ.
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Äëÿ ýòîãî çàìåòèì, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðà A

fk = sin
(
µkx
)

k = 1, 2, 3, ...

ñ ñîáñòâåííûìè çíà÷åíèÿìè

λk = −µ2k

ÿâëÿþòñÿ òàêæå è ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðàA−1, íî òîëü-
êî ñ ñîáñòâåííûìè çíà÷åíèÿìè

1

λk
= − 1

µ2k

Äåéñòâèòåëüíî,

Afk = λkfk ⇐⇒ fk = A−1Afk = λkA
−1fk ⇐⇒ A−1fk =

1

λk
fk

Ïî òåîðåìå Ãèëüáåðòà-Øìèäòà ó êîìïàêòíîãî ñàìîñîïðÿæåííîãî
îïåðàòîðà A−1 ñóùåñòâóåò îðòîãîíàëüíûé áàçèñ èç ñîáñòâåííûõ

ôóíêöèé â
(
KerA−1

)⊥
. Ïîñêîëüêó KerA−1 = {0}, òî ñîáñòâåííûå

ôóíêöèè
f1, f2, ...

áóäóò îáðàçîâûâàòü îðòîãîíàëüíûé áàçèñ âî âñåì ïðîñòðàíñòâå
L2[0, 1].

Äîêàçàíî.

� Âûïèøåì ôîðìóëó äëÿ ñïåêòðàëüíîãî ðàçëîæåíèÿ îïåðàòîðà A

Af =
∞∑
k=1

λk
(f, fk)

(fk, fk)
fk .

Ðåøåíèå çàäà÷è 2 çàêîí÷åíî.

Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ îïåðàòîðàìè
Øòóðìà-Ëèóâèëëÿ.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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