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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè èçó÷àþòñÿ ìåòîäû ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷
äëÿ çàìûêàíèÿ îïåðàòîðà Ëàïëàñà â êðóãå.

Ïðèâåäåì íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ.

Ôîðìóëû Ãðèíà

Ïóñòü D � îãðàíè÷åííàÿ îáëàñòü â R2 ñ ïîëîæèòåëüíî îðèåíòèðîâàííîé
êóñî÷íî ãëàäêîé ãðàíèöåé ∂D.

Òîãäà äëÿ ôóíêöèé u ∈ C2(D) è v ∈ C2(D) ñïðàâåäëèâû ñëåäóþùèå
ôîðìóëû:

1.

∮
∂D

v
∂u

∂n
dS =

∫∫
D

(
∂v

∂x

∂u

∂x
+
∂v

∂y

∂u

∂y

)
dxdy +

∫∫
D

v∆u dxdy

(ïåðâàÿ ôîðìóëà Ãðèíà)

2.

∮
∂D

(
v
∂u

∂n
− u ∂v

∂n

)
dS =

∫∫
D

(v∆u− u∆v) dxdy

(âòîðàÿ ôîðìóëà Ãðèíà)

3.

∮
∂D

u
∂u

∂n
dS =

∫∫
D

|gradu|2 dxdy +

∫∫
D

u∆u dxdy

(òðåòüÿ ôîðìóëà Ãðèíà)
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Äîêàçàòåëüñòâî.

1. Çàìåòèì, ÷òî ñïðàâåäëèâî ðàâåíñòâî

div (v gradu) =
∂

∂x

(
v
∂u

∂x

)
+

∂

∂y

(
v
∂u

∂y

)
=

=
∂v

∂x

∂u

∂x
+ v

∂2u

∂x2
+
∂v

∂y

∂u

∂y
+ v

∂2u

∂y2
=

=
∂v

∂x

∂u

∂x
+
∂v

∂y

∂u

∂y
+ v ∆u,

(1)

Èíòåãðèðóÿ îáå ÷àñòè ðàâåíñòâà (1) ïî îáëàñòè D è ïðèìåíÿÿ ôîðìóëó
Ãðèíà, ñâÿçûâàþùóþ äâîéíîé èíòåãðàë ïî îáëàñòè ñ êðèâîëèíåéíûì
èíòåãðàëîì ïî åå ãðàíèöå∮

∂D

v
∂u

∂n
dS =

∫∫
D

div (v gradu) dxdy

(Âû èçó÷àëè ýòó ôîðìóëó íà 2 êóðñå), ïîëó÷àåì ïåðâóþ ôîðìóëó Ãðèíà:∮
∂D

v
∂u

∂n
dS =

∫∫
D

(
∂v

∂x

∂u

∂x
+
∂v

∂y

∂u

∂y

)
dxdy +

∫∫
D

v∆u dxdy (2)

2. Äëÿ äîêàçàòåëüñòâà âòîðîé ôîðìóëû Ãðèíà ïåðåïèøåì ïåðâóþ ôîðìóëó
Ãðèíà (2), ïîìåíÿâ â íåé u è v ìåñòàìè:∮

∂D

u
∂v

∂n
dS =

∫∫
D

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y

)
dxdy +

∫∫
D

u∆v dxdy (3)

Âû÷èòàÿ èç ôîðìóëû (2) ôîðìóëó (3) ïîëó÷àåì âòîðóþ ôîðìóëó Ãðèíà∮
∂D

(
v
∂u

∂n
− u ∂v

∂n

)
dS =

∫∫
D

(v∆u− u∆v) dxdy

3. Ïîäñòàâèâ â ïåðâóþ ôîðìóëó Ãðèíà v = u, ïîëó÷èì òðåòüþ ôîðìóëó
Ãðèíà ∮

∂D

u
∂u

∂n
dS =

∫∫
D

|gradu|2 dxdy +

∫∫
D

u∆u dxdy
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Óðàâíåíèå Áåññåëÿ

Äèôôåðåíöèàëüíîå óðàâíåíèå

y′′ +
1

x
y′ +

(
1− ν2

x2

)
y = 0, x > 0,

ãäå ν � ÷èñëîâîé ïàðàìåòð, íàçûâàþò óðàâíåíèåì Áåññåëÿ.
Ìû áóäåì ðàññìàòðèâàòü òîëüêî äåéñòâèòåëüíûå íåîòðèöàòåëüíûå çíà-

÷åíèÿ ν.

Ïðèâåäåííàÿ ôîðìà óðàâíåíèÿ Áåññåëÿ

Ïðåäñòàâèì ôóíêöèþ y(x) â âèäå

y(x) = u(x)v(x)

è ïîäñòàâèì ýòî âûðàæåíèå â óðàâíåíèå Áåññåëÿ. Òîãäà

u′′v + 2u′v′ + uv′′ +
1

x
(u′v + uv′) +

(
1− ν2

x2

)
uv = 0

u′′v + u′
(

2v′ +
1

x
v

)
+ u

(
v′′ +

1

x
v′ + v

(
1− ν2

x2

))
= 0 (4)

Ïîäáåðåì ôóíêöèþ v òàê, ÷òîáû îíà áûëà ðåøåíèåì óðàâíåíèÿ

2v′ +
1

x
v = 0

Ðåøàÿ ýòî óðàâíåíèå, ïîëó÷èì

dv

v
= −dx

2x

ln |v| = −1

2
ln |x|+ C

v =
C√
x

Âûáåðåì, íàïðèìåð, â êà÷åñòâå v ôóíêöèþ
1√
x
, òîãäà

v = x−1/2; v′ = −1

2
x−3/2; v′′ =

3

4
x−5/2
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Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â óðàâíåíèå (4), ïîëó÷àåì

u′′x−1/2 +

(
3

4
x−5/2 − 1

2
x−5/2 + x−1/2 − ν2x−5/2

)
u = 0

u′′ +

(
1 +

1
4 − ν

2

x2

)
u = 0 (5)

Óðàâíåíèå (5) íàçûâàþò óðàâíåíèåì Áåññåëÿ â ïðèâåäåííîé ôîðìå.

Ôóíêöèè Áåññåëÿ

Íàñ áóäåò èíòåðåñîâàòü îãðàíè÷åííîå â îêðåñòíîñòè íóëÿ ðåøåíèå óðàâ-
íåíèÿ Áåññåëÿ. Åãî íàçûâàþò ôóíêöèåé Áåññåëÿ è îáîçíà÷àþò Jν(x).

Ôóíêöèÿ Jν(x) ïðåäñòàâèìà â âèäå ðÿäà

Jν(x) = xν
∞∑
n=0

cnx
n,

êîýôôèöèåíòû cn êîòîðîãî ìîæíî âû÷èñëèòü ðåêóððåíòíî, ïîäñòàâèâ ðÿä â
óðàâíåíèå Áåññåëÿ, íî ìû ýòèì çàíèìàòüñÿ íå áóäåì, à ëåêòîðû èíîãäà ýòî
äåëàþò.

Íóëè ôóíêöèé Áåññåëÿ

Óòâåðæäåíèå 1. Ôóíêöèÿ Áåññåëÿ Jν(x) èìååò ñ÷åòíîå ÷èñëî ïîëîæè-
òåëüíûõ íóëåé

0 < µ
(ν)
1 < µ

(ν)
2 < µ

(ν)
3 < ...

ïðè÷åì µ
(ν)
k → +∞ ïðè k →∞.

Äîêàçàòåëüñòâî.
Ðàññìîòðèì óðàâíåíèå

u′′ +
1

4
u = 0 (6)

è ïðèìåíèì ê óðàâíåíèþ Áåññåëÿ â ïðèâåäåííîé ôîðìå (5) è óðàâíåíèþ (6)
òåîðåìó Øòóðìà.

Ïîñêîëüêó ñóùåñòâóåò òàêîé èíòåðâàë (xν,+∞), íà êîòîðîì

1 +
1
4 − ν

2

x2
≥ 1

4
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òî ìåæäó ëþáûìè äâóìÿ ïîñëåäîâàòåëüíûìè íóëÿìè ëþáîãî ðåøåíèÿ óðàâ-
íåíèÿ (6) ñóùåñòâóåò íóëü ëþáîãî ðåøåíèÿ óðàâíåíèÿ (5).

Ñëåäîâàòåëüíî, ìåæäó ëþáûìè äâóìÿ ïîñëåäîâàòåëüíûìè íóëÿìè ôóíê-
öèè

u = sin
x

2
,

ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (6), ñóùåñòâóåò íóëü ôóíêöèè
√
xJν(x) .

Îòñþäà âûòåêàåò, ÷òî ôóíêöèÿ Jν(x) èìååò áåñêîíå÷íî ìíîãî íóëåé.
Çàìåòèì, ÷òî íóëè ôóíêöèè Áåññåëÿ Jν(x) íå ìîãóò èìåòü êîíå÷íîé ïðå-

äåëüíîé òî÷êè.
Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå â ýòîé òî÷êå áóäåò íóëü ôóíêöèè

Jν(x) è íóëü åå ïðîèçâîäíîé, è èç òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è
Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé áóäåò ñëåäîâàòü, ÷òî
ôóíêöèÿ Áåññåëÿ òîæäåñòâåííî ðàâíà íóëþ.

Çíà÷èò, íà ëþáîì êîíå÷íîì îòðåçêå íå ìîæåò ñîäåðæàòüñÿ áåñêîíå÷íî
ìíîãî íóëåé ôóíêöèè Áåññåëÿ Jν(x).

Ñëåäîâàòåëüíî, èõ ìîæíî ïåðåíóìåðîâàòü è óïîðÿäî÷èòü ïî âîçðàñòàíèþ,
÷òî è çàâåðøàåò äîêàçàòåëüñòâî óòâåðæäåíèÿ 1.

Óòâåðæäåíèå 2. Ïóñòü 0 < ν1 < ν2. Òîãäà íàèìåíüøèé ïîëîæèòåëüíûé
íóëü ôóíêöèè Jν1(x) ìåíüøå, ÷åì íàèìåíüøèé ïîëîæèòåëüíûé íóëü ôóíêöèè
Jν2(x).

Äîêàçàòåëüñòâî. Ïîñêîëüêó 0 < ν1 < ν2, òî ñïðàâåäëèâî íåðàâåíñòâî

1 +
1
4 − ν

2
2

x2
< 1 +

1
4 − ν

2
1

x2

Òîãäà ïî òåîðåìå Øòóðìà íà èíòåðâàëå (0, µ
(ν2)
1 ) ñóùåñòâóåò íóëü ôóíê-

öèè Jν1(x). Ñëåäîâàòåëüíî, íàèìåíüøèé ïîëîæèòåëüíûé íóëü ôóíêöèè Jν1(x)
òàêæå ëåæèò íà ýòîì èíòåðâàëå, ÷òî è òðåáîâàëîñü äîêàçàòü.

Óòâåðæäåíèå 3. Âñå íóëè µ
(ν)
k ôóíêöèè Áåññåëÿ Jν(x) óäîâëåòâîðÿþò

íåðàâåíñòâó
µ

(ν)
k ≥ 2

√
1 + ν (7)

Ýòî íåðàâåíñòâî ìû áóäåì èñïîëüçîâàòü äëÿ ïðîâåäåíèÿ îöåíîê ïðè ðåøåíèè
çàäà÷ ñ ôóíêöèÿìè Áåññåëÿ.
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Ïðèìåð ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ çàìûêàíèÿ

îïåðàòîðà Ëàïëàñà â êðóãå

Çàäà÷à 1 Ðàññìîòðèì êðóã

K = {(x, y) ∈ R2 : x2 + y2 < 4}

è îïåðàòîð Ëàïëàñà

∆ : D(∆)→ L2(K)

ñ îáëàñòüþ îïðåäåëåíèÿ

D(∆) =
{
f ∈ C2(K) : f |∂K = 0

}
1. Äîêàçàòü, ÷òî îïåðàòîð Ëàïëàñà ∆ ñèììåòðè÷åí;

2. Äîêàçàòü, ÷òî îïåðàòîð Ëàïëàñà ∆ îòðèöàòåëüíî îïðåäåëåí;

3. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëà-

ïëàñà ∆;

4. Íàéòè îáëàñòü îïðåäåëåíèÿ è ñïåêòðàëüíîå ðàçëîæåíèå çàìûêàíèÿ

îïåðàòîðà Ëàïëàñà ∆;

5. Íàéòè ðåøåíèå çàäà÷è

i
d

dt
u(t) = ∆u(t) + y cos t, t > 0, u(t) ∈ D(∆),

u(+0) = 0

Ðåøåíèå.

1. Ñèììåòðè÷íîñòü

Ðàññìîòðèì äâå ëþáûå ôóíêöèè f ∈ D(∆) è g ∈ D(∆). Òîãäà

(∆f, g) =

∫∫
K

∆f · g dxdy

Âîñïîëüçîâàâøèñü âòîðîé ôîðìóëîé Ãðèíà, ïîëó÷àåì∫∫
K

∆f · g dxdy =

∮
∂K

(
g
∂f

∂n
− f ∂g

∂n

)
dS +

∫∫
K

f ∆g dxdy
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Ïîñêîëüêó f |∂K = 0 è g|∂K = 0, òî∫∫
K

∆f · g dxdy =

∫∫
K

f ∆g dxdy = (f,∆g)

Ñèììåòðè÷íîñòü îïåðàòîðà ∆ äîêàçàíà.

2. Îòðèöàòåëüíàÿ îïðåäåëåííîñòü

Ðàññìîòðèì ëþáóþ ôóíêöèþ f ∈ D(∆) è âîñïîëüçóåìñÿ òðåòüåé ôîð-
ìóëîé Ãðèíà

(∆f, f) =

∫∫
K

∆f · f dxdy =

∮
∂K

f
∂f

∂n
dS −

∫∫
K

|grad f |2 dxdy

Ïîñêîëüêó f |∂K = 0, òî

(∆f, f) = −
∫∫
K

|grad f |2 dxdy ≤ 0

Äëÿ äîêàçàòåëüñòâà îòðèöàòåëüíîé îïðåäåëåííîñòè îïåðàòîðà ∆ îñòàåò-
ñÿ ïðîâåðèòü, ÷òî

(∆f, f) = 0 ⇔ f = 0

Äåéñòâèòåëüíî,

(∆f, f) = 0 ⇔ |grad f | = 0 ⇔ f = const

Ñ ó÷åòîì óñëîâèÿ f |∂K = 0 ïîëó÷àåì

(∆f, f) = 0 ⇔ f = 0

Îòðèöàòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðà ∆ äîêàçàíà.

3. Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà ∆

Ðåøèì êðàåâóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà
â êðóãå

∆f = λf ; f |∂K = 0 (8)

Äëÿ ýòîãî ñíà÷àëà çàìåòèì, ÷òî èç ñèììåòðè÷íîñòè è îòðèöàòåëüíîé
îïðåäåëåííîñòè îïåðàòîðà ∆ ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ λ äåé-
ñòâèòåëüíû è îòðèöàòåëüíû.
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Çàïèøåì â óðàâíåíèè (8) îïåðàòîð Ëàïëàñà ∆ â ïîëÿðíûõ êîîðäèíàòàõ

frr +
1

r
fr +

1

r2
fϕϕ = λf (9)

Ïîñêîëüêó ïðè êàæäîì r ôóíêöèÿ f(r, ϕ) ÿâëÿåòñÿ 2π - ïåðèîäè÷åñêîé
ôóíêöèåé ϕ, ðàçëîæèì åå â ðÿä Ôóðüå ïî ϕ

f =
+∞∑
n=0

An(r) cosnϕ+
+∞∑
n=1

Bn(r) sinnϕ

Ïîäñòàâëÿÿ ýòî ðàçëîæåíèå â óðàâíåíèå (9) ïîëó÷èì

+∞∑
n=0

A′′n(r) cosnϕ+
+∞∑
n=1

B′′n(r) sinnϕ+
1

r

+∞∑
n=0

A′n(r) cosnϕ+

+
1

r

+∞∑
n=1

B′n(r) sinnϕ+
1

r2

+∞∑
n=0

(−n2)An(r) cosnϕ+
1

r2

+∞∑
n=1

(−n2)Bn(r) sinnϕ =

= λ

+∞∑
n=0

An(r) cosnϕ+ λ

+∞∑
n=1

Bn(r) sinnϕ

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîì cosnϕ è êàæäîì sinnϕ â ëåâîé
è ïðàâîé ÷àñòÿõ ðàâåíñòâà, ïîëó÷àåì

A′′n(r) +
1

r
A′n(r)−

n2

r2
An(r) = λAn(r), n = 0, 1, 2, ... (10)

è

B′′n(r) +
1

r
B′n(r)−

n2

r2
Bn(r) = λBn(r), n = 1, 2, ... (11)

Ïðåîáðàçóåì óðàâíåíèå (10), ó÷èòûâàÿ îòðèöàòåëüíîñòü λ, ê äðóãîìó
âèäó

A′′n(r) +
1

r
A′n(r) +

(
−λ− n2

r2

)
An(r) = 0

A′′n(r)(√
−λ
)2 +

1

r
√
−λ
· A
′
n(r)√
−λ

+

(
1− n2(

r
√
−λ
)2

)
An(r) = 0 (12)

Ñîâåðøàÿ â óðàâíåíèè (12) çàìåíó ïåðåìåííîé

t = r
√
−λ,
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ïîëó÷àåì óðàâíåíèå Áåññåëÿ

A′′n(t) +
1

t
A′n(t) +

(
1− n2

t2

)
An(t) = 0

Íàñ èíòåðåñóþò òîëüêî òàêèå ðåøåíèÿ An(t) óðàâíåíèÿ Áåññåëÿ, êîòîðûå
îãðàíè÷åíû â íóëå, ïîýòîìó

An(t) = Jn(t) ⇒ An(r) = Jn
(
r
√
−λ
)

(13)

Âîñïîëüçîâàâøèñü êðàåâûì óñëîâèåì â ðàññìàòðèâàåìîì êðóãå, ïîëó÷à-
åì

f |∂K = f |r=2 = 0 ⇔ An(2) = 0; Bn(2) = 0

Ñëåäîâàòåëüíî,
An(2) = Jn

(
2
√
−λ
)

= 0

òî åñòü, ÷èñëî 2
√
−λ ÿâëÿåòñÿ îäíèì èç íóëåé µ

(n)
k ôóíêöèè Áåññåëÿ

Jn(t).

Ïîäñòàâëÿÿ
√
−λ =

µ
(n)
k

2
â ôîðìóëó (13), ìû ïîëó÷àåì íàáîð ðåøåíèé óðàâíåíèÿ (10)

An,k(r) = Jn

(
µ

(n)
k r

2

)
, k = 1, 2, 3...

Ïîñêîëüêó óðàâíåíèå (11) ïîëíîñòüþ àíàëîãè÷íî óðàâíåíèþ (10), òî ðå-
øåíèÿìè óðàâíåíèÿ (11) áóäóò ôóíêöèè

Bn,k(r) = Jn

(
µ

(n)
k r

2

)
, k = 1, 2, 3...

Èòàê, ìû íàøëè ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ëàïëàñà

λn,k = −
(
µ

(n)
k

2

)2

; n = 0, 1, 2, ..., k = 1, 2, 3...

ïðè÷åì êàæäîìó ñîáñòâåííîìó çíà÷åíèþ λn,k ñîîòâåòñòâóþò äâå ñîá-

ñòâåííûå ôóíêöèè

fn,k = Jn

(
µ

(n)
k r

2

)
cosnϕ ; gn,k = Jn

(
µ

(n)
k r

2

)
sinnϕ (14)
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Âàæíî îòìåòèòü, ÷òî íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà â
êðóãå

{fn,k} n = 0, 1, 2, ..., k = 1, 2, 3...

{gn,k} n = 1, 2, ..., k = 1, 2, 3...

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(K), îäíàêî äîêàçàòåëü-
ñòâî ýòîãî ôàêòà ÿâëÿåòñÿ ëåêöèîííûì ìàòåðèàëîì.

4. Ñïåêòðàëüíîå ðàçëîæåíèå çàìûêàíèÿ îïåðàòîðà Ëàïëàñà ∆

Ìû âûÿñíèëè, ÷òî îïåðàòîð Ëàïëàñà ∆ ñ îáëàñòüþ îïðåäåëåíèÿ

D(∆) =
{
f ∈ C2(K) : f |∂K = 0

}
ÿâëÿåòñÿ ñèììåòðè÷íûì è îáëàäàåò â ïðîñòðàíñòâå L2(K) îðòîãîíàëü-
íûì áàçèñîì èç ñîáñòâåííûõ ôóíêöèé.

Ïîýòîìó åãî çàìûêàíèå ∆ èìååò îáëàñòü îïðåäåëåíèÿ

D(∆) =

{
u ∈ L2(K) :

+∞∑
n=0

+∞∑
k=1

λ2
n,k

|(u, fn,k)|2

‖fn,k‖2
+

+∞∑
n=1

+∞∑
k=1

λ2
n,k

|(u, gn,k)|2

‖gn,k‖2
<∞

}
è ñïåêòðàëüíîå ðàçëîæåíèå

∆u =
+∞∑
n=0

+∞∑
k=1

λn,k
(u, fn,k)

‖fn,k‖2
fn,k +

+∞∑
n=1

+∞∑
k=1

λn,k
(u, gn,k)

‖gn,k‖2
gn,k

5. Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

i
d

dt
u(t) = ∆u(t) + y cos t, t > 0, u(t) ∈ D(∆),

u(+0) = 0

(15)

(a) Íàéäåì ¾êàíäèäàòà¿ íà ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è.

Ñ ýòîé öåëüþ ïðè êàæäîì ôèêñèðîâàííîì t ðàçëîæèì ôóíêöèþ u(t)
ïî áàçèñó {fn,k, gn,k}

u(t) =
+∞∑
n=0

+∞∑
k=1

Tn,k(t)fn,k +
+∞∑
n=1

+∞∑
k=1

T̃n,k(t)gn,k (16)
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Èç ñïåêòðàëüíîãî ðàçëîæåíèÿ çàìûêàíèÿ îïåðàòîðà Ëàïëàñà ∆ ïî-
ëó÷àåì

∆u(t) =
+∞∑
n=0

+∞∑
k=1

λn,kTn,k(t)fn,k +
+∞∑
n=1

+∞∑
k=1

λn,kT̃n,k(t)gn,k (17)

Ïîñêîëüêó â ïðàâóþ ÷àñòü óðàâíåíèÿ âõîäèò ôóíêöèÿ

y cos t = r sinϕ cos t

òî åå ðàçëîæåíèå ïî áàçèñó {fn,k, gn,k} ïðè ôèêñèðîâàííîì t èìååò
âèä

r sinϕ cos t = cos t
+∞∑
k=1

αk g1,k = cos t
+∞∑
k=1

αk J1

(
µ

(1)
k r

2

)
sinϕ (18)

ãäå

αk =
(r sinϕ, g1,k)

‖g1,k‖2
=

∫∫
K

r sinϕ J1

(
µ

(1)
k r

2

)
sinϕ r drdϕ

∫∫
K

J2
1

(
µ

(1)
k r

2

)
sin2 ϕ r dr

=

=

2∫
0

r2J1

(
µ

(1)
k r

2

)
dr

2π∫
0

sin2 ϕ dϕ

2∫
0

rJ2
1

(
µ

(1)
k r

2

)
dr

2π∫
0

sin2 ϕ dϕ

=

2∫
0

r2J1

(
µ

(1)
k r

2

)
dr

2∫
0

rJ2
1

(
µ

(1)
k r

2

)
dr

Ïîñêîëüêó â ôîðìóëó (18) âõîäÿò òîëüêî ôóíêöèè g1,k, òî â ôîðìóëå
(16) ðàâíû íóëþ êîýôôèöèåíòû

Tn,k(t) ïðè n = 0, 1, 2, ..., k = 1, 2, 3...

è

T̃n,k(t) ïðè n = 2, 3, ..., k = 1, 2, 3...
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Òàêèì îáðàçîì, ðàçëîæåíèÿ (16) è (17) ïðèîáðåòàþò âèä

u(t) =
+∞∑
k=1

T̃1,k(t)g1,k (19)

è

∆u(t) =
+∞∑
k=1

λ1,kT̃1,k(t)g1,k (20)

ñîîòâåòñòâåííî.

Ïîäñòàâèâ ðàçëîæåíèÿ (18), (19), (20) â óðàâíåíèå (15), ïîëó÷èì

i
+∞∑
k=1

T̃ ′1,k(t)g1,k =
+∞∑
k=1

λ1,kT̃1,k(t)g1,k + cos t
+∞∑
k=1

αk g1,k

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé áàçèñíîé ôóíêöèè g1,k, ïî-
ëó÷àåì óðàâíåíèÿ

iT̃ ′1,k(t) = λ1,kT̃1,k(t) + cos t αk , k = 1, 2, ... (21)

Äëÿ óäîáñòâà óìíîæèì óðàâíåíèÿ (21) íà (−i), à çàòåì ðåøèì èõ

T̃ ′1,k(t) = −iλ1,kT̃1,k(t)− i cos t αk (22)

Ñíà÷àëà íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ(
T̃1,k

)
îäí

= Cke
−iλ1,kt

×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (22) áóäåì èñêàòü â âèäå(
T̃1,k

)
÷àñò

= γk cos t+ βk sin t

Ïîäñòàâëÿÿ
(
T̃1,k

)
÷àñò

â óðàâíåíèå (22), ïîëó÷àåì

−γk sin t+ βk cos t = −iλ1,kγk cos t− iλ1,kβk sin t− i cos t αk

Ðåøèì ñèñòåìó óðàâíåíèé

{
− γk = −iλ1,kβk,

βk = −iλ1,kγk − iαk,
⇔

{
γk = iλ1,kβk,

βk = λ2
1,kβk − iαk,

⇔


γk = − λ1,kαk

λ2
1,k − 1

,

βk =
iαk

λ2
1,k − 1

.
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Çàìåòèì, ÷òî çíàìåíàòåëü

λ2
1,k − 1

â íóëü íå îáðàùàåòñÿ, ïîñêîëüêó â ñèëó îöåíêè (7) óòâåðæäåíèÿ 3
äëÿ âñåõ k ≥ 1 âûïîëíåíî íåðàâåíñòâî

|λ1,k| =
(
µ

(1)
k

2

)2

≥
(

2
√

2

2

)2

= 2 (23)

Òàêèì îáðàçîì,(
T̃1,k

)
÷àñò

= − λ1,kαk
λ2

1,k − 1
cos t+

iαk
λ2

1,k − 1
sin t

Çíà÷èò, îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (22) èìååò âèä

T̃1,k(t) = Cke
−iλ1,kt − λ1,kαk

λ2
1,k − 1

cos t+
iαk

λ2
1,k − 1

sin t

Äëÿ òîãî, ÷òîáû íàéòè êîíñòàíòû Ck, çàìåòèì, ÷òî èç íà÷àëüíîãî
óñëîâèÿ çàäà÷è (16)

u(+0) = 0

ñëåäóåò, ÷òî

T̃1,k(0) = 0

Ïîýòîìó

Ck −
λ1,kαk
λ2

1,k − 1
= 0 ⇔ Ck =

λ1,kαk
λ2

1,k − 1

è

T̃1,k(t) =
αk

λ2
1,k − 1

(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)
Òàêèì îáðàçîì, ¾êàíäèäàòîì¿ íà ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è
(15) áóäåò ôóíêöèÿ

u(t) =
+∞∑
k=1

αk
λ2

1,k − 1

(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)
g1,k

Ïðîâåðèì, ÷òî u(t) äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (15).

13



(b) Ïîêàæåì, ÷òî äëÿ êàæäîãî t > 0 ôóíêöèÿ u(t) ∈ L2(K).

Äëÿ ýòîãî, âîñïîëüçîâàâøèñü ðàâåíñòâîì Ïàðñåâàëÿ, îöåíèì ñâåðõó
êâàäðàò íîðìû ôóíêöèè u(t)

‖u(t)‖2 =
+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)∣∣∣∣∣
2

‖g1,k‖2 ≤

≤
+∞∑
k=1

|αk|2 (2|λ1,k|+ 1)2

(λ2
1,k − 1)2

‖g1,k‖2

Â ñèëó îöåíêè (23) äëÿ âñåõ k ≥ 1 âûïîëíåíî íåðàâåíñòâî

|λ1,k| ≥ 2

Ïîýòîìó
2|λ1,k|+ 1

λ2
1,k − 1

≤ 2|λ1,k|+ 2

λ2
1,k − 1

=
2

|λ1,k| − 1
≤ 2

Òàêèì îáðàçîì,

‖u(t)‖2 ≤ 4
+∞∑
k=1

|αk|2‖g1,k‖2 = 4‖y‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(c) Ïîêàæåì, ÷òî äëÿ êàæäîãî t > 0 ôóíêöèÿ u(t) ∈ D(∆).

Äåéñòâèòåëüíî,

+∞∑
k=1

λ2
1,k |αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)∣∣∣∣∣
2

‖g1,k‖2 ≤

≤
+∞∑
k=1

|αk|2 λ2
1,k (2|λ1,k|+ 1)2

(λ2
1,k − 1)2

‖g1,k‖2

Â ñèëó îöåíêè

|λ1,k| (2|λ1,k|+ 1)

λ2
1,k − 1

=
2λ2

1,k + |λ1,k|
λ2

1,k − 1
≤

2λ2
1,k − 2 + |λ1,k|+ 1 + 1

λ2
1,k − 1

=

= 2 +
1

|λ1,k| − 1
+

1

|λ1,k|2 − 1
≤ 4
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âûïîëíåíî íåðàâåíñòâî

+∞∑
k=1

|αk|2 λ2
1,k (2|λ1,k|+ 1)2

(λ2
1,k − 1)2

‖g1,k‖2 ≤ 16
+∞∑
k=1

|αk|2‖g1,k‖2 = 16‖y‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(d) Äîêàæåì, ÷òî âûïîëíåíî íà÷àëüíîå óñëîâèå u(+0) = 0

Ïðè äîêàçàòåëüñòâå ïóíêòà (b) ìû äîêàçàëè, ÷òî

|αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)∣∣∣∣∣
2

‖g1,k‖2 ≤ 4|αk|2‖g1,k‖2

è ðÿä
+∞∑
k=1

4|αk|2‖g1,k‖2

ñõîäèòñÿ. Ïîýòîìó ïî ïðèçíàêó Âåéåðøòðàññà ðÿä

+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)∣∣∣∣∣
2

‖g1,k‖2

ñõîäèòñÿ ðàâíîìåðíî ïî t íà (0,+∞)

Ñëåäîâàòåëüíî,

lim
t→+0
‖u(t)‖2 = lim

t→+0

+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
λ1,ke

−iλ1,kt−λ1,k cos t+i sin t

)∣∣∣∣∣
2

‖g1,k‖2 =

=
+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

lim
t→+0

∣∣∣∣∣
(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)∣∣∣∣∣
2

‖g1,k‖2 = 0

÷òî è òðåáîâàëîñü äîêàçàòü.

(e) Äîêàæåì, ÷òî ðÿä
+∞∑
k=1

T̃ ′1,k(t)g1,k

ñõîäèòñÿ â L2(K)
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Äåéñòâèòåëüíî,
+∞∑
k=1

|T̃ ′1,k|2‖g1,k‖2 =

=
+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

∣∣∣∣∣
(
−iλ2

1,ke
−iλ1,kt + λ1,k sin t+ i cos t

)∣∣∣∣∣
2

‖g1,k‖2 ≤

≤
+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

(λ2
1,k + |λ1,k|+ 1)2‖g1,k‖2

Â ñèëó îöåíêè

λ2
1,k + |λ1,k|+ 1

λ2
1,k − 1

=
λ2

1,k − 1 + |λ1,k|+ 1 + 1

λ2
1,k − 1

= 1+
1

|λ1,k| − 1
+

1

λ2
1,k − 1

≤ 3

âûïîëíåíî íåðàâåíñòâî

+∞∑
k=1

|αk|2

(λ2
1,k − 1)2

(λ2
1,k+|λ1,k|+1)2‖g1,k‖2 ≤ 9

+∞∑
k=1

|αk|2‖g1,k‖2 = 9‖y‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(f) Äîêàæåì, ÷òî ïðîèçâîäíàÿ u′(t) â L2(K) ðàâíà ñóììå ðÿäà

+∞∑
k=1

T̃ ′1,k(t)g1,k

Â ñèëó îïðåäåëåíèÿ ïðîèçâîäíîé â ïðîñòðàíñòâå L2(K) äëÿ ýòîãî
íóæíî äîêàçàòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî:

lim
∆t→0

∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T̃ ′1,k(t)g1,k

∥∥∥∥2

= 0

Âîñïîëüçîâàâøèñü ðàâåíñòâîì Ïàðñåâàëÿ, ïðåîáðàçóåì âûðàæåíèå,
ñòîÿùåå ïîä çíàêîì ïðåäåëà∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T̃ ′1,k(t)g1,k

∥∥∥∥2

=
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=

∥∥∥∥+∞∑
k=1

T̃1,k(t+ ∆t)− T̃1,k(t)

∆t
g1,k −

+∞∑
k=1

T̃ ′1,k(t)g1,k

∥∥∥∥2

=

=
+∞∑
k=1

∣∣∣∣T̃1,k(t+ ∆t)− T̃1,k(t)

∆t
− T̃ ′1,k(t)

∣∣∣∣2‖g1,k‖2

Ïî òåîðåìå Ëàãðàíæà î ñðåäíåì äëÿ êàæäîãî k ñóùåñòâóåò òàêîå
ξk ∈ (t, t+ ∆t), ÷òî

T̃1,k(t+ ∆t)− T̃1,k(t) = T̃ ′1,k(ξk)∆t

Ïîýòîìó

+∞∑
k=1

∣∣∣∣T̃1,k(t+ ∆t)− T̃1,k(t)

∆t
− T̃ ′1,k(t)

∣∣∣∣2‖g1,k‖2 =

=
+∞∑
k=1

∣∣T̃ ′1,k(ξk)− T̃ ′1,k(t)∣∣2‖g1,k‖2 ≤
+∞∑
k=1

(∣∣T̃ ′1,k(ξk)∣∣+
∣∣T̃ ′1,k(t)∣∣)2

‖g1,k‖2

Îöåíèì îáùèé ÷ëåí ýòîãî ðÿäà ñâåðõó, âîñïîëüçîâàâøèñü îöåíêîé∣∣T̃ ′1,k(t)∣∣ ≤ 3|αk|

ïîëó÷åííîé ïðè äîêàçàòåëüñòâå ïóíêòà (e):(∣∣T̃ ′1,k(ξk)∣∣+
∣∣T̃ ′1,k(t)∣∣)2

‖g1,k‖2 ≤ 36|αk|2‖g1,k‖2

Ïîñêîëüêó
+∞∑
k=1

36|αk|2‖g1,k‖2 = 36‖y‖2 <∞,

òî ïî ïðèçíàêó Âåéåðøòðàññà ðÿä

+∞∑
k=1

∣∣T̃ ′1,k(ξk)− T̃ ′1,k(t)∣∣2‖g1,k‖2

ñõîäèòñÿ ðàâíîìåðíî ïî ∆t, è ñïðàâåäëèâî ðàâåíñòâî

lim
∆t→0

+∞∑
k=1

∣∣T̃ ′1,k(ξk)− T̃ ′1,k(t)∣∣2‖g1,k‖2 =
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=
+∞∑
k=1

lim
∆t→0

∣∣T̃ ′1,k(ξk)− T̃ ′1,k(t)∣∣2‖g1,k‖2 = 0

Ñëåäîâàòåëüíî,

lim
∆t→0

∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T̃ ′1,k(t)g1,k

∥∥∥∥2

= 0

÷òî è òðåáîâàëîñü äîêàçàòü.

Ïîñêîëüêó âñå íåîáõîäèìûå ïðîâåðêè ìû âûïîëíèëè, òî ìîæíî óòâåð-
æäàòü, ÷òî ôóíêöèÿ

u(t) =
+∞∑
k=1

αk
λ2

1,k − 1

(
λ1,ke

−iλ1,kt − λ1,k cos t+ i sin t

)
g1,k

ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (15).

Ðåøåíèå çàäà÷è 1 çàâåðøåíî.

Íà ñëåäóþùåì äèñòàíöèîííîì çàíÿòèè ìû ðàçáåðåì ïðèìåð ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è äëÿ çàìûêàíèÿ îïåðàòîðà Ëàïëàñà â ñåêòîðå.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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