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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ýòîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ìû ðàññìîòðèì ïðèìåðû
âû÷èñëåíèÿ ñâåðòîê îáîáùåííûõ ôóíêöèé.

Íàïîìíèì ñíà÷àëà îïðåäåëåíèå è îñíîâíûå ñâîéñòâà ñâåðòîê îáîáùåííûõ
ôóíêöèé, äàííûå Âàì íà ëåêöèÿõ.

Îïðåäåëåíèå 1 Åñëè äëÿ îáîáùåííûõ ôóíêöèé f ∈ S ′(Rn) è g ∈ S ′(Rn) ,
ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(Rn) è ëþáîé 1-ñðåçêè η1(x) ñóùåñòâóåò

ïðåäåë

lim
R→+∞

〈
f(x) , η1

( x
R

)〈
g(y) , ϕ(x+ y)

〉〉
çíà÷åíèå êîòîðîãî íå çàâèñèò îò âûáîðà 1-ñðåçêè η1(x) , òî ãîâîðÿò, ÷òî ó
îáîáùåííûõ ôóíêöèé f è g ñóùåñòâóåò ñâåðòêà f ∗ g , ÿâëÿþùàÿñÿ îáîá-

ùåííîé ôóíêöèåé èç S ′(Rn) .
Äåéñòâèå ñâåðòêè f ∗ g íà îñíîâíûå ôóíêöèè ϕ(x) ∈ S(Rn) îïðåäåëÿ-

åòñÿ ïî ôîðìóëå

〈f ∗ g(x) , ϕ(x)〉 = lim
R→+∞

〈
f(x) , η1

( x
R

)〈
g(y) , ϕ(x+ y)

〉〉
Ïðåæäå, ÷åì ïåðå÷èñëèòü îñíîâíûå ñâîéñòâà ñâåðòêè îáîáùåííûõ ôóíê-

öèé, ïðèâåäåì îïðåäåëåíèå ôèíèòíîé îáîáùåííîé ôóíêöèè.
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Îïðåäåëåíèå 2 Ïóñòü G ⊂ Rn � îòêðûòîå ìíîæåñòâî. Ãîâîðÿò, ÷òî

îáîáùåííàÿ ôóíêöèÿ f ∈ S ′(Rn) ðàâíà íóëþ íà G è îáîçíà÷àþò

f |G = 0

åñëè äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(Rn) òàêîé, ÷òî suppϕ ⊂ G
âûïîëíåíî ðàâåíñòâî 〈

f(x), ϕ(x)
〉
= 0

Îïðåäåëåíèå 3 Ïóñòü îáîáùåííàÿ ôóíêöèÿ f ∈ S ′(Rn) . Íîñèòåëåì îáîá-

ùåííîé ôóíêöèè f íàçûâàþò ìíîæåñòâî

supp f = Rn\ {∪ {G ⊂ Rn : G− îòêðûòî, è f |G = 0}}

Îïðåäåëåíèå 4 Îáîáùåííóþ ôóíêöèþ f ∈ S ′(Rn) íàçûâàþò ôèíèòíîé,

åñëè åå íîñèòåëü îãðàíè÷åí â Rn .

Ïåðå÷èñëèì îñíîâíûå ñâîéñòâà ñâåðòîê îáîáù¼ííûõ ôóíêöèé

1. Åñëè îäíà èç îáîáùåííûõ ôóíêöèé f è g ÿâëÿåòñÿ ôèíèòíîé, òî ñâåðò-
êà f ∗ g ñóùåñòâóåò.

2. Åñëè îäíà èç îáîáùåííûõ ôóíêöèé f è g ÿâëÿåòñÿ ôèíèòíîé, òî

f ∗ g = g ∗ f

3. Åñëè ñóùåñòâóåò ñâåðòêà f ∗ g , òî äëÿ ëþáîãî ìóëüòèèíäåêñà α

∂ α(f ∗ g) = (∂ αf) ∗ g = f ∗ (∂ αg)

4. Äëÿ ëþáîé îáîáù¼ííîé ôóíêöèè f ∈ S ′(Rn) âûïîëíåíû ðàâåíñòâà

δ(x) ∗ f(x) = f(x) ∗ δ(x) = f

5. Ïóñòü E � ôóíêöèÿ Ãðèíà ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè L . Òîãäà äëÿ ëþáîé îáîáùåííîé ôóíê-
öèè f ∈ S ′(Rn) , äëÿ êîòîðîé ñóùåñòâóåò ñâåðòêà f ∗ E , îáîáùåííàÿ
ôóíêöèÿ

u = f ∗ E
ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ

Lu = f
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Ïåðåéäåì ê ðåøåíèþ çàäà÷.

Çàäà÷à 1 (çàäàíèå 2.1) Äëÿ ëþáîé îáîáù¼ííîé ôóíêöèè f ∈ S ′(Rn)

1. Äîêàçàòü ñâîéñòâî 4 äëÿ ñâåðòîê îáîáùåííûõ ôóíêöèé

δ(x) ∗ f(x) = f(x) ∗ δ(x) = f

2. Äëÿ ëþáîãî ìóëüòèèíäåêñà α äîêàçàòü ðàâåíñòâà

(∂ αδ(x)) ∗ f(x) = f(x) ∗ (∂ αδ(x)) = ∂ αf(x)

Ðåøåíèå.

1. Ïîñêîëüêó δ(x) � ôèíèòíàÿ îáîáùåííàÿ ôóíêöèÿ, òî ïî ñâîéñòâó 1
ñâåðòêà δ(x) ∗ f(x) ñóùåñòâóåò ñ ëþáîé f(x) è ïî ñâîéñòâó 2 âûïîë-
íåíî ðàâåíñòâî

δ(x) ∗ f(x) = f(x) ∗ δ(x)
Ïî îïðåäåëåíèþ ñâåðòêè äëÿ ëþáîé 1-ñðåçêè η1(x) è ëþáîé îñíîâíîé
ôóíêöèè ϕ(x) ∈ S(Rn) ñïðàâåäëèâû ðàâåíñòâà〈(

δ(x) ∗ f(x)
)
(x) , ϕ(x)

〉
= lim

R→+∞

〈
δ(x) , η1

( x
R

)〈
f(y) , ϕ(x+ y)

〉〉
=

= lim
R→+∞

η1 (0)
〈
f(y) , ϕ(y)

〉
=
〈
f(y) , ϕ(y)

〉
Òàêèì îáðàçîì,

δ(x) ∗ f(x) = f(x) ∗ δ(x) = f

2. Ïîñêîëüêó ñâåðòêè δ(x) ∗ f(x) è f(x) ∗ δ(x) ñóùåñòâóþò, òî, èñïîëüçóÿ
ðåçóëüòàòû ïóíêòà 1 è ñâîéñòâî 3, äëÿ ëþáîãî ìóëüòèèíäåêñà α ïîëó-
÷àåì (

∂ αδ(x)
)
∗ f(x) = ∂ α

(
δ(x) ∗ f(x)

)
= ∂ αf(x)

f(x) ∗
(
∂ αδ(x)

)
= ∂ α

(
f(x) ∗ δ(x)

)
= ∂ αf(x)

Ðåøåíèå çàäà÷è çàâåðøåíî.

Äîêàæåì ñâîéñòâî 5 äëÿ ñâåðòîê îáîáùåííûõ ôóíêöèé.
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Çàäà÷à 2 Ïóñòü E � ôóíêöèÿ Ãðèíà ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðà-

òîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè L , à f � ëþáàÿ îáîáù¼ííàÿ ôóíêöèÿ

èç ïðîñòðàíñòâà S ′(Rn)
Äîêàçàòü, ÷òî åñëè ñóùåñòâóåò ñâåðòêà f ∗E , òî îáîáùåííàÿ ôóíêöèÿ

u = f ∗ E

ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ

Lu = f

Ðåøåíèå. Èñïîëüçóÿ ñâîéñòâà 3 è 4 äëÿ ñâåðòîê îáîáùåííûõ ôóíêöèé,
ïîëó÷àåì

Lu = L(f ∗ E) = f ∗ (LE) = f ∗ δ(x) = f

Äîêàçàíî.

Çàäà÷à 3 Â ïðîñòðàíñòâå S ′(R) âû÷èñëèòü ñâåðòêó

θ(x) ∗
(
θ(x)x2

)
Ðåøåíèå. Ïî îïðåäåëåíèþ ñâåðòêè (åñëè îíà ñóùåñòâóåò) äëÿ ëþáîé

îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R) è ëþáîé 1-ñðåçêè η1(x) äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî

〈
θ(x) ∗

(
θ(x)x2

)
, ϕ(x)

〉
= lim

R→+∞

〈
θ(x) , η1

(
x

R

)〈
θ(y)y2 , ϕ(x+ y)

〉〉
Âûÿñíèì ñóùåñòâóåò ëè ïðåäåë â ïðàâîé ÷àñòè ðàâåíñòâà, è ïîñìîòðèì,

çàâèñèò ëè ýòîò ïðåäåë îò âûáîðà 1-ñðåçêè η1(x).

lim
R→+∞

〈
θ(x) , η1

(
x

R

)〈
θ(y)y2 , ϕ(x+ y)

〉〉
=

= lim
R→+∞

+∞∫
−∞

dx θ(x) η1

(
x

R

) +∞∫
−∞

θ(y) y2ϕ(x+ y)dy (1)

Ñäåëàåì îöåíêó ôóíêöèè∣∣∣∣ θ(x) η1( xR
)
θ(y) y2ϕ(x+ y)

∣∣∣∣
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Â ñèëó ôèíèòíîñòè è íåïðåðûâíîñòè 1-ñðåçêè ñóùåñòâóåò M > 0 òàêàÿ,
÷òî âûïîëíåíà îöåíêà ∣∣∣∣η1( xR

)∣∣∣∣ 6M

Êðîìå òîãî, ïðè x > 0 è y > 0 âûïîëíåíû íåðàâåíñòâà

0 6 x 6 x+ y ⇒ (x+ y)2 > x2

0 6 y 6 x+ y ⇒ (x+ y)2 > y2

ïîýòîìó ñóùåñòâóåò òàêàÿ êîíñòàíòà A > 0∣∣ϕ(x+ y)
∣∣ 6 A

(1 + (x+ y)2)3
6

A

(1 + y2)2 (1 + x2)

Òàêèì îáðàçîì,∣∣∣∣ θ(x) η1( xR
)
θ(y) y2ϕ(x+ y)

∣∣∣∣ 6 M Ay2

(1 + y2)2 (1 + x2)

Â ñèëó òîãî, ÷òî ôóíêöèÿ, ñòîÿùàÿ â ïðàâîé ÷àñòè íåðàâåíñòâà, àáñî-
ëþòíî èíòåãðèðóåìà ïî îáåèì ïåðåìåííûì è íå çàâèñèò îò R , ê èíòåãðàëó â
ôîðìóëå (1) ìîæíî ïðèìåíÿòü è òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè,
è òåîðåìó Ôóáèíè

lim
R→+∞

+∞∫
−∞

dx θ(x) η1

(
x

R

) +∞∫
−∞

θ(y) y2ϕ(x+ y)dy =

= lim
R→+∞

∫∫
R2

θ(x) η1

(
x

R

)
θ(y) y2ϕ(x+y) dx dy =

∫∫
R2

θ(x) θ(y) y2ϕ(x+y) dx dy =

=

∫∫
x>0
y>0

y2ϕ(x+ y) dx dy

Ñäåëàâ â èíòåãðàëå çàìåíó ïåðåìåííûõ{
u = x+ y,

v = y,
|J | = 1
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ïîëó÷èì ∫∫
x>0
y>0

y2ϕ(x+ y) dx dy =

∫∫
u−v>0
v>0

v2ϕ(u) du dv =

=

+∞∫
0

duϕ(u)

u∫
0

v2dv =

+∞∫
0

ϕ(u)
u3

3
du =

+∞∫
−∞

ϕ(u) θ(u)
u3

3
du =

〈
θ(x)

x3

3
, ϕ(x)

〉
Òàêèì îáðàçîì,

θ(x) ∗
(
θ(x)x2

)
= θ(x)

x3

3

Îòâåò. θ(x) ∗
(
θ(x)x2

)
= θ(x)

x3

3

Çàäà÷à 4 Â ïðîñòðàíñòâå S ′(R3) âû÷èñëèòü ñâåðòêó(
θ(x− z)δ(y + z)

)
∗
(
e−x θ(x)δ(y + x)δ(z + x)

)
Ðåøåíèå.

Ïî îïðåäåëåíèþ ñâåðòêè (åñëè îíà ñóùåñòâóåò) äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ(x, y, z) ∈ S(R3) è ëþáîé 1-ñðåçêè η1(x, y, z) äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî

〈(
θ(x− z) δ(y + z)

)
∗
(
e−x θ(x) δ(y + x) δ(z + x)

)
, ϕ(x, y, z)

〉
=

= lim
R→+∞

〈
θ(x−z)δ(y+z) , η1

(
x

R
,
y

R
,
z

R

)〈
e−ξ θ(ξ) δ(η+ξ) δ(ζ+ξ) , ϕ(x+ξ, y+η, z+ζ)

〉〉
Âûÿñíèì ñóùåñòâóåò ëè ïðåäåë â ïðàâîé ÷àñòè ðàâåíñòâà, è ïîñìîòðèì,

çàâèñèò ëè ýòîò ïðåäåë îò âûáîðà 1-ñðåçêè η1(x, y, z) .
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Ñíà÷àëà ïðè ïîìîùè çàìåíû ïåðåìåííûõ
u = ξ,

v = ξ + η,

w = ξ + ζ,

A =

1 0 0
1 1 0
1 0 1

 detA = 1

ïðåîáðàçóåì âûðàæåíèå〈
e−ξ θ(ξ) δ(η + ξ) δ(ζ + ξ) , ϕ(x+ ξ, y + η, z + ζ)

〉
=

=
〈
e−u θ(u) δ(v) δ(w) , ϕ(x+ u, y + v − u, z + w − u)

〉
=

=

+∞∫
−∞

e−u θ(u)ϕ(x+ u, y − u, z − u) du

Òîãäà

lim
R→+∞

〈
θ(x−z) δ(y+z) , η1

(
x

R
,
y

R
,
z

R

)〈
e−ξ θ(ξ) δ(η+ξ) δ(ζ+ξ) , ϕ(x+ξ, y+η, z+ζ)

〉〉
=

= lim
R→+∞

〈
θ(x− z)δ(y+ z) , η1

(
x

R
,
y

R
,
z

R

) +∞∫
−∞

e−u θ(u)ϕ(x+u, y−u, z−u) du
〉

Äàëåå, èñïîëüçóÿ îïðåäåëåíèå çàìåíû â àðãóìåíòå äåëüòà-ôóíêöèè, ïî-
ëó÷àåì

lim
R→+∞

〈
θ(x− z) δ(y+ z) , η1

(
x

R
,
y

R
,
z

R

) +∞∫
−∞

e−u θ(u)ϕ(x+u, y−u, z−u) du
〉

=

= lim
R→+∞

∫
R2

dx dz θ(x− z) η1
(
x

R
,
−z
R
,
z

R

) +∞∫
−∞

e−u θ(u)ϕ(x+ u,−z − u, z − u) du

(2)
Ñäåëàåì îöåíêè, íåîáõîäèìûå äëÿ ïðèìåíåíèÿ òåîðåìû Ëåáåãà îá îãðà-

íè÷åííîé ñõîäèìîñòè è òåîðåìû Ôóáèíè.
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Äëÿ ýòîãî çàìåòèì, ÷òî äëÿ ëþáîãî ìíîãî÷ëåíà P (û, v̂, ŵ) è ëþáîé îñ-
íîâíîé ôóíêöèè ϕ(û, v̂, ŵ) ñóùåñòâóåò êîíñòàíòà A > 0 òàêàÿ, ÷òî äëÿ âñåõ
(û, v̂, ŵ) ∈ R3 âûïîëíåíî íåðàâåíñòâî

|P (û, v̂, ŵ) · ϕ(û, v̂, ŵ)| 6 A

Äëÿ âûáîðà ïîäõîäÿùåãî ìíîãî÷ëåíà P (û, v̂, ŵ) îáîçíà÷èì


û = x+ u,

v̂ = −z − u,
ŵ = z − u,

⇐⇒



u = − v̂ + ŵ

2
,

x = û+
v̂ + ŵ

2
,

z =
ŵ − v̂
2

,

è âîçüìåì

P (û, v̂, ŵ) =
(
1 + u2

) (
1 + x2

) (
1 + z2

)
=

=

(
1 +

(
− v̂ + ŵ

2

)2
)(

1 +

(
û+

v̂ + ŵ

2

)2
)(

1 +

(
ŵ − v̂
2

)2
)

Òîãäà, ñ ó÷åòîì îãðàíè÷åííîñòè 1-ñðåçêè η1(x, y, z)∣∣∣∣η1( xR, −zR ,
z

R

)∣∣∣∣ 6M

ñïðàâåäëèâà îöåíêà∣∣∣∣θ(x− z)η1( xR, −zR ,
z

R

)
e−u θ(u)ϕ(x+ u,−z − u, z − u)

∣∣∣∣ 6
6

M · A
(1 + u2) (1 + x2) (1 + z2)

Â ñèëó òîãî, ÷òî ôóíêöèÿ, ñòîÿùàÿ â ïðàâîé ÷àñòè íåðàâåíñòâà, àáñî-
ëþòíî èíòåãðèðóåìà ïî îáåèì ïåðåìåííûì è íå çàâèñèò îò R , ê èíòåãðàëó â
ôîðìóëå (2) ìîæíî ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó Ëåáåãà îá îãðà-
íè÷åííîé ñõîäèìîñòè
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lim
R→+∞

∫
R2

dx dz θ(x− z) η1
(
x

R
,
−z
R
,
z

R

) +∞∫
−∞

e−u θ(u)ϕ(x+ u,−z− u, z− u) du =

= lim
R→+∞

∫
R3

θ(x− z) η1
(
x

R
,
−z
R
,
z

R

)
e−u θ(u)ϕ(x+ u,−z − u, z − u) du dx dz =

=

∫
R3

θ(x− z)e−u θ(u)ϕ(x+ u,−z − u, z − u) du dx dz

Äåëàÿ â èíòåãðàëå çàìåíó
û = x+ u,

v̂ = −z − u,
ŵ = z − u,

J(x, u, z) =

∣∣∣∣∣∣
1 1 0
0 −1 −1
0 −1 1

∣∣∣∣∣∣ |J(û, v̂, ŵ)| = 1

|J(x, y, z)|
=

1

2

äàëåå ïîëó÷àåì∫
R3

θ(x− z) e−u θ(u)ϕ(x+ u,−z − u, z − u) du dx dz =

=
1

2

∫
R3

θ(û+ v̂) e
v̂+ŵ
2 θ(−v̂ − ŵ)ϕ(û, v̂, ŵ) dû dv̂ dŵ =

=

〈
1

2
θ(x+ y) e

y+z
2 θ(−y − z) , ϕ(x, y, z)

〉
Òàêèì îáðàçîì,

(
θ(x− z) δ(y + z)

)
∗
(
e−x θ(x) δ(y + x) δ(z + x)

)
=

1

2
θ(x+ y) e

y+z
2 θ(−y − z)

Îòâåò.(
θ(x− z) δ(y + z)

)
∗
(
e−x θ(x) δ(y + x) δ(z + x)

)
=

1

2
θ(x+ y) e

y+z
2 θ(−y − z)

Â çàêëþ÷åíèå ðåøèì çàäà÷ó èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ
2019/2020 ó÷åáíîãî ãîäà.
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Çàäà÷à 5 Â ïðîñòðàíñòâå S ′(R2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíûé

îïåðàòîð

L = 3
∂

∂t
+

∂

∂x
+ 2, t ∈ R, x ∈ R.

à) Äîêàçàòü, ÷òî îïåðàòîð L èìååò â S ′(R2) åäèíñòâåííóþ ôóíêöèþ

Ãðèíà G(t, x) ∈ S ′(R2).

á) Âû÷èñëèòü ôóíêöèþ Ãðèíà G(t, x) îïåðàòîðà L.

â) Íàéòè ðåøåíèå u(t, x) ∈ S ′(R2) óðàâíåíèÿ

Lu(t, x) = θ(t)δ(x).

Ðåøåíèå.

à) Ôóíêöèÿ Ãðèíà G(t, x) îïåðàòîðà L ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

3
∂G(t, x)

∂t
+
∂G(t, x)

∂x
+ 2G(t, x) = δ(t, x)

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå ïî âñåì ïåðåìåííûì îò îáåèõ ÷àñòåé ýòîãî
óðàâíåíèÿ, ïîëó÷èì

3(−iτ)F
[
G
]
+ (−iξ)F

[
G
]
+ 2F

[
G
]
= 1

(−3iτ − iξ + 2)F
[
G
]
= 1 (3)

Ïîñêîëüêó ïðè (τ, ξ) ∈ R2 âûïîëíåíî íåðàâåíñòâî

∣∣−3iτ − iξ + 2
∣∣ > 2 (4)

òî óðàâíåíèå (3) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå S ′(R2) .

Äåéñòâèòåëüíî, ïîñêîëüêó äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R2)

〈
F
[
G
]
, ϕ(τ, ξ)

〉
=

〈
F
[
G
]
, (−3iτ − iξ + 2) · ϕ(τ, ξ)

(−3iτ − iξ + 2)

〉
10



à â ñèëó íåðàâåíñòâà (4) ôóíêöèÿ

ϕ(τ, ξ)

(−3iτ − iξ + 2)
∈ S(R2)

òî

〈
F
[
G
]
, ϕ(τ, ξ)

〉
=

〈
(−3iτ − iξ + 2)F

[
G
]
,

ϕ(τ, ξ)

(−3iτ − iξ + 2)

〉
=

=

〈
1 ,

ϕ(τ, ξ)

(−3iτ − iξ + 2)

〉
=

〈
1

−3iτ − iξ + 2
, ϕ(τ, ξ)

〉
Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ Ãðèíà äëÿ îïåðàòîðà L ÿâëÿåòñÿ åäèí-
ñòâåííîé è åå ïðåîáðàçîâàíèå Ôóðüå ðàâíî

F
[
G
]
=

1

−3iτ − iξ + 2

á) Âû÷èñëèì ôóíêöèþ Ãðèíà G(t, x) îïåðàòîðà L.

G(t, x) = F−1
[

1

−3iτ − iξ + 2

]
= F−1τ

[
F−1ξ

[
1

−3iτ − iξ + 2

]]
Âîñïîëüçîâàâøèñü ôîðìóëîé äëÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îò
ðàöèîíàëüíîé äðîáè

F−1
[

1

x+ b+ ia

]
(y) = −i sign a θ(ay) e−ay+iby, a 6= 0,

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî îáó÷åíèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîá-
ùåííûõ ôóíêöèé èç S ′(Rm)¿, çàäà÷à 12), íàõîäèì

F−1ξ

[
1

−3iτ − iξ + 2

]
= iF−1ξ

[
1

ξ + 3τ + 2i

]
= θ(x) e−2x+3iτx

Ñëåäîâàòåëüíî,

G(t, x) = F−1τ

[
θ(x) e−2x+3iτx

]
= θ(x) e−2xF−1τ

[
e3iτx

]
= θ(x) e−2xδ(t− 3x)
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â) Ïîñêîëüêó ñâåðòêè îáîáùåííûõ ôóíêöèé óäîâëåòâîðÿþò ñâîéñòâó 5, òî
ðåøåíèå u(t, x) ∈ S ′(R2) óðàâíåíèÿ

Lu(t, x) = θ(t)δ(x)

ìîæíî âû÷èñëèòü ïî ôîðìóëå

u(t, x) = θ(t)δ(x) ∗G(t, x),

åñëè òàêàÿ ñâåðòêà ñóùåñòâóåò.

Ïî îïðåäåëåíèþ ñâåðòêè (åñëè îíà ñóùåñòâóåò) äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ(t, x) ∈ S(R2) è ëþáîé 1-ñðåçêè η1(t, x) äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî〈(

θ(t)δ(x)
)
∗
(
θ(x) e−2xδ(t− 3x)

)
, ϕ(t, x)

〉
=

= lim
R→+∞

〈
θ(t)δ(x) , η1

(
t

R
,
x

R

)〈
θ(y) e−2yδ(τ − 3y) , ϕ(t+ τ, x+ y)

〉〉
Âûÿñíèì ñóùåñòâóåò ëè ïðåäåë â ïðàâîé ÷àñòè ðàâåíñòâà, è ïîñìîòðèì,
çàâèñèò ëè ýòîò ïðåäåë îò âûáîðà 1-ñðåçêè η1(x).

lim
R→+∞

〈
θ(t)δ(x) , η1

(
t

R
,
x

R

)〈
θ(y) e−2yδ(τ − 3y) , ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

+∞∫
0

dt η1

(
t

R
, 0

)〈
θ(y) e−2yδ(τ − 3y) , ϕ(t+ τ, y)

〉
=

= lim
R→+∞

+∞∫
0

dt η1

(
t

R
, 0

) +∞∫
−∞

θ(y) e−2y ϕ(t+ 3y, y)dy =

= lim
R→+∞

+∞∫
0

dt

+∞∫
0

η1

(
t

R
, 0

)
e−2y ϕ(t+ 3y, y)dy (5)
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Ñäåëàåì îöåíêó ìîäóëÿ ïîäûíòåãðàëüíîé ôóíêöèè äëÿ âñåõ t > 0 è
y > 0 ∣∣∣∣ η1( t

R
, 0

)
e−2y ϕ(t+ 3y, y)

∣∣∣∣
Â ñèëó ôèíèòíîñòè è íåïðåðûâíîñòè 1-ñðåçêè ñóùåñòâóåò M > 0 òàêàÿ,
÷òî âûïîëíåíà îöåíêà ∣∣∣∣η1( xR

)∣∣∣∣ 6M

Êðîìå òîãî, ïðè t > 0 è y > 0 âûïîëíåíû íåðàâåíñòâà

0 6 t 6 t+ 3y ⇒ (t+ 3y)2 > t2,

ïîýòîìó ñóùåñòâóåò òàêàÿ êîíñòàíòà A > 0

∣∣ϕ(t+ 3y, y)
∣∣ 6 A

(1 + (t+ 3y)2)(1 + y2)
6

A

(1 + t2)(1 + y2)

Òàêèì îáðàçîì,∣∣∣∣ η1( t

R
, 0

)
e−2y ϕ(t+ 3y, y)

∣∣∣∣ 6 M · A
(1 + t2)(1 + y2)

Â ñèëó òîãî, ÷òî ôóíêöèÿ, ñòîÿùàÿ â ïðàâîé ÷àñòè íåðàâåíñòâà, àáñîëþò-
íî èíòåãðèðóåìà ïî îáåèì ïåðåìåííûì íà ìíîæåñòâå [0,+∞)× [0,+∞)
è íå çàâèñèò îò R , ê èíòåãðàëó â ôîðìóëå (5) ìîæíî ïðèìåíÿòü è òåî-
ðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè, è òåîðåìó Ôóáèíè

lim
R→+∞

+∞∫
0

dt

+∞∫
0

η1

(
t

R
, 0

)
e−2y ϕ(t+ 3y, y)dy =

= lim
R→+∞

∫∫
t>0
y>0

η1

(
t

R
, 0

)
e−2y ϕ(t+ 3y, y) dt dy =
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=

∫∫
t>0
y>0

e−2y ϕ(t+ 3y, y) dt dy

Ñäåëàâ â èíòåãðàëå çàìåíó ïåðåìåííûõ{
u = t+ 3y,

v = y,
|J | = 1

ïîëó÷èì ∫∫
t>0
y>0

e−2y ϕ(t+ 3y, y) dt dy =

∫∫
u−3v>0
v>0

e−2vϕ(u, v) du dv =

=

∫∫
R2

θ(u− 3v) θ(v) e−2vϕ(u, v) du dv =
〈
θ(u− 3v) θ(v) e−2v , ϕ(u, v)

〉
Òàêèì îáðàçîì,

u(t, x) = θ(t− 3x) θ(x) e−2x

Îòâåò. G(t, x) = θ(x) e−2xδ(t− 3x); u(t, x) = θ(t− 3x) θ(x) e−2x

Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ âû÷èñëåíèåì ñâåðòîê
îáîáùåííûõ ôóíêöèé. Ïðèìåðû âû÷èñëåíèÿ ñâåðòîê ñ ôóíêöèÿìè Ãðèíà îñ-
íîâíûõ îïåðàòîðîâ áóäóò ðàññìîòðåíû ïðè èçó÷åíèè ñëåäóþùèõ òåì.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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