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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ïðîäîëæàåòñÿ èçó÷åíèå ìåòîäîâ ðåøåíèÿ çàäà÷, â êî-
òîðûõ èñïîëüçóþòñÿ ðåãóëÿðíûå âåòâè ìíîãîçíà÷íûõ ôóíêöèé Lnf(z) è
n
√
f(z), ãäå f(z) � ãîëîìîðôíàÿ ôóíêöèÿ. Â êà÷åñòâå ïðèìåðîâ ïðèâîäÿò-

ñÿ ðåøåíèÿ çàäà÷ íà âû÷èñëåíèå èíòåãðàëîâ îò äåéñòâèòåëüíûõ ôóíêöèé ïî
êîíå÷íîìó èíòåðâàëó äåéñòâèòåëüíîé îñè.

Âû÷èñëåíèå íåñîáñòâåííûõ èíòåãðàëîâ ïî êîíå÷íîìó èíòåðâàëó

äåéñòâèòåëüíîé îñè

Ðåøèì çàäà÷ó èç ñåìåñòðîâîé êîíòðîëüíîé ðàáîòû ïî ÒÔÊÏ 2019/2020
ó÷åáíîãî ãîäà.

Çàäà÷à 1 Ïðèìåíÿÿ òåîðèþ âû÷åòîâ, âû÷èñëèòå èíòåãðàë

1∫
−2

x 3
√

(x+ 2)2(1− x)

(x− 2)2
dx
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Ðåøåíèå. Äëÿ âû÷èñëåíèÿ èíòåãðàëà

I =

1∫
−2

x 3
√

(x+ 2)2(1− x)

(x− 2)2
dx

ïîñòðîèì êîíòóð

γ = I+ ∪ Cε1 ∪ I− ∪ Cε2 ,

èçîáðàæåííûé íà ðèñóíêå 1.

Ðèñ. 1

G

Ãîëóáîé çàëèâêîé íà ðèñóíêå îòìå÷åíà îáëàñòü G, îãðàíè÷åííàÿ êîíòó-
ðîì γ.

Ðàññìîòðèì ôóíêöèþ

f(z) =
z h(z)

(z − 2)2

ãäå ÷åðåç h(z) îáîçíà÷åíà ðåãóëÿðíàÿ âåòâü ìíîãîçíà÷íîé ôóíêöèè
3
√

(z + 2)2(1− z), îïðåäåëÿåìàÿ óñëîâèåì h(0) = 3
√
4.

Ñëåäóåò îòìåòèòü, ÷òî ýòîò êîíòóð, ïîëó÷èâøèé èç-çà ñâîåãî âèäà íàçâà-
íèå ¾ãàíòåëüêà¿, îãðàíè÷èâàåò îáëàñòü, ñîäåðæàùóþ ∞. Âíóòðè ¾ãàíòåëè¿
âûäåëèòü ðåãóëÿðíóþ âåòâü ôóíêöèè 3

√
(z + 2)2(1− z) íåâîçìîæíî.

2



Ïîñêîëüêó âíóòðè îáëàñòè G ó ôóíêöèè f(z) èìåþòñÿ äâå îñîáûå
òî÷êè: z = 2 è z = ∞, òî ïî òåîðåìå Êîøè î âû÷åòàõ∮

γ

f(z)dz = 2πi
(
res
z=2

f(z) + res
z=∞

f(z)
)

(1)

Âû÷èñëèì ýòè âû÷åòû.
Òî÷êà z = 2 ÿâëÿåòñÿ ïîëþñîì 2-ãî ïîðÿäêà, ïîýòîìó

res
z=2

f(z) = res
z=2

(z h(z))′ =
(
h(z) + z h′(z)

)∣∣∣
z=2

=

= h(2) +
z h(z)

(
2(z + 2)(1− z)− (z + 2)2

)
3(z + 2)2(1− z)

∣∣∣∣∣∣
z=2

=

= h(2) +
z h(z)

(
2(1− z)− (z + 2)

)
3(z + 2)(1− z)

∣∣∣∣∣∣
z=2

= h(2) +
2h(2)(−6)

−12
= 2h(2) (2)

Íàéäåì çíà÷åíèå h(2). Äëÿ ýòîãî ðàññìîòðèì ðèñóíîê 2

Ðèñ. 2
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è âîñïîëüçóåìñÿ ôîðìóëîé (5) èç ìàòåðèàëà çàíÿòèÿ ¾Ðåãóëÿðíûå âåòâè ìíî-
ãîçíà÷íûõ ôóíêöèé (÷àñòü 1)¿

h(2) = h(0) · 3

√
| − 16|
|4|

· e
i
3

(
2∆γ arg(z + 2) + ∆γ arg(z − 1)

)
=

=
3
√
4 · 3

√
4 · e

i
3

(
0 + (−π)

)
=

3
√
16 · e − iπ

3

Ïîäñòàâëÿÿ ýòî çíà÷åíèå â ôîðìóëó (2), ïîëó÷àåì

res
z=2

f(z) = 2h(2) = 4
3
√
2 · e − iπ

3

Òåïåðü âû÷èñëèì âû÷åò â òî÷êå z = ∞. Äëÿ ýòîãî ðàçëîæèì ôóíêöèþ
â ðÿä Ëîðàíà ïî ñòåïåíÿì z â îêðåñòíîñòè òî÷êè z = ∞. Ïîñêîëüêó
ðÿäû Ëîðàíà âñåõ âåòâåé êîðíÿ îòëè÷àþòñÿ ìíîæèòåëåì, òî ñðàçó âêëþ÷èì
â ôîðìóëó ìíîæèòåëü C, à åãî çíà÷åíèå óòî÷íèì ïîòîì:

f(z) =
z h(z)

(z − 2)2
= C · 1

z
·
(
1− 2

z

)−2

z ·
(
1 +

2

z

) 2
3
(
1− 1

z

) 1
3

=

= C

(
1 +

4

z
+ o

(
1

z

)) (
1 +

4

3z
+ o

(
1

z

))(
1− 1

3z
+ o

(
1

z

))
=

= C

(
1 +

5

z
+ o

(
1

z

))
Äëÿ òîãî, ÷òîáû íàéòè êîíñòàíòó C, çàìåòèì, ÷òî

C = lim
z→∞

f(z) = lim
x→+∞

f(x)

ãäå x - ÷èñëî íà èíòåðâàëå (1,+∞) äåéñòâèòåëüíîé îñè. Ïîýòîìó

C = lim
x→+∞

x h(x)

(x− 2)2

Âû÷èñëèì çíà÷åíèå h(x). Äëÿ ýòîãî ðàññìîòðèì ðèñóíîê 3
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Ðèñ. 3

è ñíîâà âîñïîëüçóåìñÿ ôîðìóëîé (5) èç ìàòåðèàëà çàíÿòèÿ ¾Ðåãóëÿðíûå âåò-
âè ìíîãîçíà÷íûõ ôóíêöèé (÷àñòü 1)¿

h(x) = h(0) · 3

√∣∣(x+ 2)2(1− x)
∣∣

|4|
· e

i
3

(
2∆γ arg(z + 2) + ∆γ arg(z − 1)

)
=

=
3
√
4 · 3

√
(x+ 2)2(x− 1)

4
· e

i
3

(
0 + (−π)

)
= 3
√

(x+ 2)2(x− 1) · e − iπ
3

Òàêèì îáðàçîì,

C = lim
x→+∞

x h(x)

(x− 2)2
= lim

x→+∞

x 3
√

(x+ 2)2(x− 1) · e − iπ
3

(x− 2)2
= e − iπ

3

ôóíêöèÿ

f(z) = C

(
1 +

5

z
+ o

(
1

z

))
= e − iπ

3

(
1 +

5

z
+ o

(
1

z

))
à òðåáóåìûé âû÷åò
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res
z=∞

f(z) = −c−1 = −5 e − iπ
3

Òåïåðü, âîñïîëüçîâàâøèñü ôîðìóëîé (1), âû÷èñëÿåì èíòåãðàë

∮
γ

f(z)dz = 2πi

(
4

3
√
2 · e − iπ

3 − 5 e − iπ
3

)
= 2πi

(
4

3
√
2− 5

)
e − iπ

3 (3)

Ñ äðóãîé ñòîðîíû, ýòîò èíòåãðàë ïðåäñòàâëÿåòñÿ â âèäå ñóììû ÷åòûðåõ
èíòåãðàëîâ

∮
γ

f(z)dz =

∫
I+

f(z)dz +

∫
Cε1

f(z)dz +

∫
I−

f(z)dz +

∫
Cε2

f(z)dz

Ðàññìîòðèì êàæäûé èç ÷åòûðåõ èíòåãðàëîâ.

1.

∫
I+

f(z)dz =

1−ε2∫
−2+ε1

x 3
√

(x+ 2)2(1− x)

(x− 2)2
dx → I (ε1 → 0, ε2 → 0)

2. Âûðàçèì èíòåãðàë ïî íèæíåìó áåðåãó ðàçðåçà

∫
I−

f(z)dz

÷åðåç èíòåãðàë ïî âåðõíåìó áåðåãó. Äëÿ ýòîãî íàéäåì çíà÷åíèå ðåãóëÿð-
íîé âåòâè h(z) â òî÷êå x íà íèæíåì áåðåãó ðàçðåçà ñ ïîìîùüþ ðèñóíêà
4.
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Ðèñ. 4

h(x) = h(0) · 3

√∣∣(x+ 2)2(1− x)
∣∣

|4|
· e

i
3

(
2∆γ arg(z + 2) + ∆γ arg(z − 1)

)
=

=
3
√
4 · 3

√
(x+ 2)2(1− x)

4
· e

i
3

(
0 + (−2π)

)
= 3
√

(x+ 2)2(1− x) · e −2iπ
3

Ñëåäîâàòåëüíî,

∫
I−

f(z)dz = −
1−ε2∫

−2+ε1

x h(x)

(x− 2)2
dx = −

1−ε2∫
−2+ε1

x 3
√

(x+ 2)2(1− x) · e −2iπ
3

(x− 2)2
dx =

= −e −2iπ
3

1−ε2∫
−2+ε1

x 3
√

(x+ 2)2(1− x)

(x− 2)2
dx → −e −2iπ

3 ·I (ε1 → 0, ε2 → 0)

3. Ïîêàæåì, ÷òî
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∫
Cε1

f(z)dz → 0 (ε1 → 0)

Äåéñòâèòåëüíî,∣∣∣∣∣∣∣
∫
Cε1

f(z)dz

∣∣∣∣∣∣∣ ⩽ max
Cε1

|f(z)|·2πε1 ⩽
ε1

3
√

(ε1 + 2)2(1 + ε1) 2πε1
(2− ε1)2

→ 0 (ε1 → 0)

4. Ïîêàæåì, ÷òî ∫
Cε2

f(z)dz → 0 (ε2 → 0)

Â òî÷íîñòè òàê æå, êàê è ïðåäûäóùåì ïóíêòå,∣∣∣∣∣∣∣
∫
Cε2

f(z)dz

∣∣∣∣∣∣∣ ⩽ max
Cε2

|f(z)|·2πε2 ⩽
ε2

3
√
(ε2 + 2)2(1 + ε2) 2πε2

(2− ε2)2
→ 0 (ε2 → 0)

Òàêèì îáðàçîì,

∮
γ

f(z)dz → I − e −2iπ
3 · I =

(
1− e −2iπ

3

)
I (ε1 → 0, ε2 → 0)

Ñëåäîâàòåëüíî, ïåðåõîäÿ ê ïðåäåëó ïðè ε1 → 0, ε2 → 0 â ôîðìóëå (3),
ïîëó÷àåì (

1− e −2iπ
3

)
I = 2πi

(
4

3
√
2− 5

)
e − iπ

3

Îñòàåòñÿ óìíîæèòü ýòî ðàâåíñòâî íà e
iπ
3(

e
iπ
3 − e − iπ

3

)
I = 2πi

(
4

3
√
2− 5

)
2i sin

π

3
I = 2πi

(
4

3
√
2− 5

)
8



I = π
4 3
√
2− 5

sin π
3

= 2π
4 3
√
2− 5√
3

Îòâåò.

I = 2π
4 3
√
2− 5√
3

Ñëåäóþùàÿ çàäà÷à èç ñåìåñòðîâîé êîíòðîëüíîé ðàáîòû 2018/2019 ãîäà
ïðåäëàãàåòñÿ Âàì äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ.

Çàäà÷à 2 Ïðèìåíÿÿ òåîðèþ âû÷åòîâ, âû÷èñëèòå èíòåãðàë

0∫
−3

(x− 1)dx

(x− 2) 5
√
(x+ 3)x4

Îòâåò.

I =
π

sin 4π
5

(
1− 1

5
√
80

)

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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