
Ìåòîä ñòàöèîíàðíîé ôàçû

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÒÔÊÏ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Ïîñîáèå ïîñâÿùåíî èññëåäîâàíèþ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ôóíêöèé
ñïåöèàëüíîãî âèäà ñ ïîìîùüþ ìåòîäà ñòàöèîíàðíîé ôàçû.

Ðàññìîòðèì ôóíêöèþ âåùåñòâåííîãî àðãóìåíòà F (λ), çàäàííóþ ôîð-
ìóëîé

F (λ) =

b∫
a

f(t) eiλS(t) dt ,

ãäå [a, b] � êîíå÷íûé îòðåçîê, f(t) è S(t) � áåñêîíå÷íî äèôôåðåíöèðóåìûå
ôóíêöèè.

Ôóíêöèþ f(t) íàçûâàþò àìïëèòóäîé, à ôóíêöèþ S(t) � ôàçîé.
Ìåòîä ñòàöèîíàðíîé ôàçû ïîçâîëÿåò â íåêîòîðûõ ñëó÷àÿõ íàéòè ãëàâíûé

÷ëåí àñèìïòîòèêè ôóíêöèè F (λ) ïðè λ → ∞.
Ïóñòü t0 ∈ (a, b) � ñòàöèîíàðíàÿ òî÷êà ôàçû S(t), ò.å. S ′(t0) = 0.

Îïðåäåëåíèå 1 Ñòàöèîíàðíóþ òî÷êó ôàçû t0 íàçûâàþò íåâûðîæäåí-

íîé, åñëè

S ′′(t0) ̸= 0

Óòâåðæäåíèå 1 (Ìåòîä ñòàöèîíàðíîé ôàçû) Ïóñòü ôàçà S(t) èìååò

åäèíñòâåííóþ íåâûðîæäåííóþ ñòàöèîíàðíóþ òî÷êó t0 ∈ (a, b). Òîãäà
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1. Åñëè S ′′(t0) > 0, òî

F (λ) =

b∫
a

f(t) eiλS(t) dt = eiλS(t0)+iπ/4 f(t0)

√
2π

λS ′′(t0)
+O

(
1

λ

)
ïðè λ → ∞;

2. Åñëè S ′′(t0) < 0, òî

F (λ) =

b∫
a

f(t) eiλS(t) dt = eiλS(t0)−iπ/4 f(t0)

√
2π

−λS ′′(t0)
+O

(
1

λ

)
ïðè λ → ∞.

Ðåøèì çàäà÷ó Ò.13 (b) èç äîìàøíåãî çàäàíèÿ.

Çàäà÷à 1 Èñïîëüçóÿ ìåòîä ñòàöèîíàðíîé ôàçû, íàéòè ãëàâíûé ÷ëåí

àñèìïòîòèêè ïðè λ → ∞ èíòåãðàëà

1∫
0

cos t eiλt
2

dt

Ðåøåíèå. Â ýòîé çàäà÷å àìïëèòóäà f(t) = cos t, à ôàçà S(t) = t2.

Íàéäåì ñòàöèîíàðíûå òî÷êè ôàçû:

S ′(t) = 2t = 0 ⇐⇒ t = 0

Åäèíñòâåííàÿ ñòàöèîíàðíàÿ òî÷êà t = 0 ̸∈ (0, 1), ïîýòîìó ñðàçó æå
ïðèìåíèòü ìåòîä ñòàöèîíàðíîé ôàçû ìû íå ìîæåì. Îäíàêî çàìåòèì, ÷òî
ôóíêöèÿ

cos t eiλt
2

ÿâëÿåòñÿ ÷åòíîé, ïîýòîìó

I(λ) =

1∫
0

cos t eiλt
2

dt =
1

2

1∫
−1

cos t eiλt
2

dt

Òåïåðü ñòàöèîíàðíàÿ òî÷êà t = 0 ∈ (−1, 1), è ìåòîä ñòàöèîíàðíîé ôàçû
ïðèìåíèì.
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Ïîñêîëüêó
S ′′(0) = 2 > 0 ,

òî â ñèëó ìåòîäà ñòàöèîíàðíîé ôàçû ïîëó÷àåì

I(λ) =
1

2

1∫
−1

cos t eiλt
2

dt =
1

2
eiλS(0)+iπ/4 f(0)

√
2π

λS ′′(0)
+O

(
1

λ

)
=

=
1

2
eiπ/4

√
π

λ
+O

(
1

λ

)
ïðè λ → ∞.

Îòâåò.
1

2
eiπ/4

√
π

λ
Ðåøèì çàäà÷ó Ò.13 (a) èç äîìàøíåãî çàäàíèÿ.

Çàäà÷à 2 Èñïîëüçóÿ ìåòîä ñòàöèîíàðíîé ôàçû, íàéòè ãëàâíûé ÷ëåí

àñèìïòîòèêè ïðè λ → ∞ èíòåãðàëà

+∞∫
−∞

e iλ
√
t2+1

t2 + 1
dt

Ðåøåíèå.
Â ýòîé çàäà÷å àìïëèòóäà

f(t) =
1

t2 + 1

à ôàçà S(t) =
√
t2 + 1.

Íàéäåì ñòàöèîíàðíûå òî÷êè ôàçû:

S ′(t) =
2t

2
√
t2 + 1

=
t√

t2 + 1
= 0 ⇐⇒ t = 0

Ïîñêîëüêó ìåòîä ñòàöèîíàðíîé ôàçû ìîæíî ïðèìåíÿòü ê èíòåãðàëàì ñ
êîíå÷íûìè ïðåäåëàìè èíòåãðèðîâàíèÿ, à â çàäà÷å ðàññìàòðèâàåòñÿ íåñîá-
ñòâåííûé èíòåãðàë, òî ïðåäñòàâèì èñõîäíûé èíòåãðàë â âèäå ñóììû òðåõ
èíòåãðàëîâ

+∞∫
−∞

e iλ
√
t2+1

t2 + 1
dt =

−1∫
−∞

e iλ
√
t2+1

t2 + 1
dt+

1∫
−1

e iλ
√
t2+1

t2 + 1
dt+

+∞∫
1

e iλ
√
t2+1

t2 + 1
dt

Íàéäåì àñèìïòîòèêó êàæäîãî èç èíòåãðàëîâ.
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1. Ê èíòåãðàëó

I2(λ) =

1∫
−1

e iλ
√
t2+1

t2 + 1
dt

ïðèìåíèì ñòàöèîíàðíîé ôàçû. Äëÿ ýòîãî âû÷èñëèì S ′′(t) :

S ′′(t) =

(
t√

t2 + 1

)′
=

√
t2 + 1− t · 2t

2
√
t2 + 1

t2 + 1
=

t2 + 1− t2

(t2 + 1)3/2
=

1

(t2 + 1)3/2

Ïîñêîëüêó
S ′′(0) = 1 > 0 ,

òî â ñèëó ìåòîäà ñòàöèîíàðíîé ôàçû ïîëó÷àåì

I2(λ) =

1∫
−1

e iλ
√
t2+1

t2 + 1
dt = eiλS(0)+iπ/4 f(0)

√
2π

λS ′′(0)
+O

(
1

λ

)
=

= eiλ+iπ/4

√
2π

λ
+O

(
1

λ

)
ïðè λ → ∞.

2. Äëÿ òîãî, ÷òîáû íàéòè àñèìïòîòèêó èíòåãðàëà

I1(λ) =

−1∫
−∞

e iλ
√
t2+1

t2 + 1
dt

ïðîèíòåãðèðóåì åãî ïî ÷àñòÿì

I1(λ) =

−1∫
−∞

1

iλt
√
t2 + 1

· iλt e
iλ
√
t2+1

√
t2 + 1

dt =

−1∫
−∞

1

iλt
√
t2 + 1

d
(
e iλ

√
t2+1
)
=

=
e iλ

√
t2+1

iλt
√
t2 + 1

∣∣∣∣∣
−1

−∞

+
1

iλ

−1∫
−∞

e iλ
√
t2+1

√
t2 + 1 + t · t√

t2 + 1
t2(t2 + 1)

dt =

= −e iλ
√
2

iλ
√
2
+

1

iλ

−1∫
−∞

e iλ
√
t2+1 1 + 2t2

t2(t2 + 1)3/2
dt
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Ñëåäîâàòåëüíî,

|I1(λ)| =

∣∣∣∣∣−e iλ
√
2

iλ
√
2
+

1

iλ

−1∫
−∞

e iλ
√
t2+1 1 + 2t2

t2(t2 + 1)3/2
dt

∣∣∣∣∣ ⩽

⩽
1

λ

(
1√
2

+

−1∫
−∞

1 + 2t2

t2(t2 + 1)3/2
dt

)
Â ñèëó ñõîäèìîñòè èíòåãðàëà

−1∫
−∞

1 + 2t2

t2(t2 + 1)3/2
dt

ïîëó÷àåì, ÷òî

I1(λ) = O

(
1

λ

)
ïðè λ → ∞.

3. Òî÷íî òàêæå íàõîäèì àñèìïòîòèêó èíòåãðàëà

I3(λ) =

+∞∫
1

e iλ
√
t2+1

t2 + 1
dt = O

(
1

λ

)
ïðè λ → ∞.

Òàêèì îáðàçîì,

+∞∫
−∞

e iλ
√
t2+1

t2 + 1
dt = eiλ+iπ/4

√
2π

λ
+O

(
1

λ

)

ïðè λ → ∞.

Îòâåò. eiλ+iπ/4

√
2π

λ

Ðåøèì çàäà÷ó Ò.14 èç äîìàøíåãî çàäàíèÿ.
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Çàäà÷à 3 Íàéòè ãëàâíûé ÷ëåí àñèìïòîòèêè ïðè λ → ∞ ôóíêöèè Áåñ-

ñåëÿ n -ãî ïîðÿäêà (n ∈ N)

Jn(λ) =
1

π

π∫
0

cos (λ sin t− nt) dt

Ðåøåíèå.
Ïðåîáðàçóåì ôóíêöèþ Jn(λ) ê âèäó, ïîäõîäÿùåìó äëÿ ïðèìåíåíèÿ ìå-

òîäà ñòàöèîíàðíîé ôàçû

Jn(λ) =
1

π

π∫
0

cos (λ sin t−nt) dt =
1

π

π∫
0

(
cos (λ sin t) cosnt+sin (λ sin t) sinnt

)
dt =

=
1

π
Re

π∫
0

cosnt eiλ sin t dt+
1

π
Im

π∫
0

sinnt eiλ sin t dt

1. Ðàññìîòðèì ñíà÷àëà èíòåãðàë

I1(λ) =

π∫
0

cosnt eiλ sin t dt

Àìïëèòóäà ïîäûíòåãðàëüíîé ôóíêöèè f(t) = cosnt, à ôàçà S(t) = sin t.

Íàéäåì ñòàöèîíàðíûå òî÷êè ôàçû:

S ′(t) = cos t = 0 ⇐⇒ t =
π

2

Òàêèì îáðàçîì, ôàçà èìååò íà èíòåðâàëå (0, π) åäèíñòâåííóþ ñòàöèî-

íàðíóþ òî÷êó t =
π

2
.

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ ôàçû â ýòîé òî÷êå

S ′′
(
π

2

)
= − sin

π

2
= −1 < 0
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Ïðèìåíÿÿ ìåòîä ñòàöèîíàðíîé ôàçû ê èíòåãðàëó I1(λ), ïîëó÷àåì

I1(λ) =

π∫
0

cosnt eiλ sin t dt = eiλS
(
π
2

)
−i

π
4 f

(
π

2

) √√√√√ 2π

−λS ′′
(
π

2

) +O

(
1

λ

)
=

= eiλ−iπ/4 cos
nπ

2

√
2π

λ
+O

(
1

λ

)
ïðè λ → ∞.

2. Òåïåðü íàéäåì àñèìïòîòèêó èíòåãðàëà

I2(λ) =

π∫
0

sinnt eiλ sin t dt

Â ýòîì ñëó÷àå àìïëèòóäà f(t) = sinnt, à ôàçà S(t) = sin t � òà æå, ÷òî

è â ïåðâîì ñëó÷àå, ñ åäèíñòâåííîé ñòàöèîíàðíîé òî÷êîé t =
π

2
∈ (0, π),

äëÿ êîòîðîé

S ′′
(
π

2

)
= −1 < 0

Ïðèìåíÿÿ ìåòîä ñòàöèîíàðíîé ôàçû ê èíòåãðàëó I2(λ), ïîëó÷àåì

I2(λ) =

π∫
0

sinnt eiλ sin t dt = eiλS
(
π
2

)
−i

π
4 f

(
π

2

) √√√√√ 2π

−λS ′′
(
π

2

) +O

(
1

λ

)
=

= eiλ−iπ/4 sin
nπ

2

√
2π

λ
+O

(
1

λ

)
ïðè λ → ∞.

Ñëåäîâàòåëüíî,

Jn(λ) =
1

π
Re I1(λ) +

1

π
Im I2(λ) =

=
1

π

(
Re

(
eiλ−iπ/4 cos

nπ

2

√
2π

λ

)
+ Im

(
eiλ−iπ/4 sin

nπ

2

√
2π

λ

))
+O

(
1

λ

)
=
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=
1

π

(
cos

(
λ− π

4

)
cos

nπ

2

√
2π

λ
+ sin

(
λ− π

4

)
sin

nπ

2

√
2π

λ

)
+O

(
1

λ

)
=

=

√
2

πλ
cos

(
λ− π

4
− nπ

2

)
+O

(
1

λ

)
ïðè λ → ∞.

Îòâåò.

√
2

πλ
cos

(
λ− π

4
− nπ

2

)
Íàêîíåö, ðåøèì çàäà÷ó Ò.15 èç äîìàøíåãî çàäàíèÿ, êîòîðàÿ âîîáùå íå

òðåáóåò ïðèìåíåíèÿ ìåòîäà ñòàöèîíàðíîé ôàçû.

Çàäà÷à 4 Äîêàçàòü, ÷òî

+∞∫
−∞

e− t2 cos(2λt) dt = e−λ2√
π

Ðåøåíèå.
Ïîñêîëüêó èíòåãðàë

I(λ) =

+∞∫
−∞

e− t2 cos(2λt) dt

ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé, áóäåì äëÿ îïðåäåëåííîñòè ñ÷èòàòü, ÷òî λ ⩾ 0.
Ïðåîáðàçóåì èíòåãðàë I(λ) ê âèäó

+∞∫
−∞

e− t2 cos(2λt) dt = Re

+∞∫
−∞

e− t2+i2λt dt = Re

+∞∫
−∞

e− t2+i2λt+λ2−λ2

dt =

= e−λ2

Re

+∞∫
−∞

e−
(
t−iλ
)2
dt = e−λ2

Re

+∞−iλ∫
−∞−iλ

e− z2dz

Äëÿ òîãî, ÷òîáû âû÷èñëèòü èíòåãðàë

I1(λ) =

+∞−iλ∫
−∞−iλ

e− z2dz

ðàññìîòðèì êîíòóð γ, èçîáðàæåííûé íà ðèñóíêå 1
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Ðèñ. 1

Ïîñêîëüêó äëÿ ëþáîãî R ôóíêöèÿ f(z) = e− z2 ãîëîìîðôíà âíóòðè
îáëàñòè, îãðàíè÷åííîé êîíòóðîì γ, òî∮

γ

e− z2dz = 0

Ñ äðóãîé ñòîðîíû,∮
γ

e− z2dz =

R−iλ∫
−R−iλ

e− z2dz +

R∫
R−iλ

e− z2dz +

−R∫
R

e− z2dz +

−R−iλ∫
−R

e− z2dz

Íàéäåì ïðåäåë êàæäîãî èç èíòåãðàëîâ ïðè R → +∞.

1. Èíòåãðàë ïî íèæíåé ñòîðîíå ïðÿìîóãîëüíèêà ñòðåìèòñÿ ê èñêîìîìó

R−iλ∫
−R−iλ

e− z2dz →
+∞−iλ∫

−∞−iλ

e− z2dz = I1(λ)

2. Ïîêàæåì, ÷òî èíòåãðàë ïî ïðàâîé ñòîðîíå ïðÿìîóãîëüíèêà ñòðåìèòñÿ ê
íóëþ. Äåéñòâèòåëüíî,∣∣∣∣∣∣

R∫
R−iλ

e− z2dz

∣∣∣∣∣∣ =
∣∣∣∣∣∣

0∫
−λ

e− (R+is)2ds

∣∣∣∣∣∣ ⩽
0∫

−λ

e−R2+s2ds ⩽ λe−R2+λ2 → 0

ïðè R → +∞.
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3. Èíòåãðàë ïî âåðõíåé ñòîðîíå ïðÿìîóãîëüíèêà ñòðåìèòñÿ ê èíòåãðàëó
Ïóàññîíà, âçÿòîìó ñî çíàêîì ìèíóñ

−R∫
R

e− z2dz → −
+∞∫

−∞

e− s2ds = −
√
π

4. Èíòåãðàë ïî ëåâîé ñòîðîíå ïðÿìîóãîëüíèêà ñòðåìèòñÿ ê íóëþ. Äîêàçà-
òåëüñòâî ïî÷òè äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî, ïðîâåäåííîå â ïóíê-
òå 2.

Òàêèì îáðàçîì,

I1(λ) =

+∞−iλ∫
−∞−iλ

e− z2dz =
√
π

Ñëåäîâàòåëüíî,

I(λ) =

+∞∫
−∞

e− t2 cos(2λt) dt = e−λ2

Re I1(λ) = e−λ2√
π

Äîêàçàíî.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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