
Èíòåãðèðîâàíèå âûðàæåíèé, ñîäåðæàùèõ

òðèãîíîìåòðè÷åñêèå è ãèïåðáîëè÷åñêèå

ôóíêöèè

Ñàìàðîâà Ñ.Ñ.

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ìíîãîìåðíûé àíàëèç, èíòåãðàëû è ðÿäû¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàþòñÿ ìåòîäû èíòåãðèðîâàíèÿ âûðàæåíèé, ñîäåð-
æàùèõ òðèãîíîìåòðè÷åñêèå è ãèïåðáîëè÷åñêèå ôóíêöèè. Ðåøàþòñÿ òèïîâûå
ïðèìåðû èç ñòóäåí÷åñêèõ äîìàøíèõ çàäàíèé è ýêçàìåíàöèîííûõ êîíòðîëü-
íûõ ðàáîò.

Óíèâåðñàëüíàÿ òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà

Åñëè íåîïðåäåëåííûé èíòåãðàë èìååò âèä∫
R (sinx, cosx) dx

òî èçáàâèòüñÿ îò òðèãîíîìåòðè÷åñêèõ ôóíêöèé ìîæíî ïðè ïîìîùè óíè-
âåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè

t = tg
x

2
⇔ x = 2 arctg t ⇒ dx =

2 dt

1 + t2
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Â ýòîì ñëó÷àå

sinx =
2 tg x

2

1 + tg2 x
2

=
2t

1 + t2

cosx =
1− tg2 x

2

1 + tg2 x
2

=
1− t2

1 + t2

Çàäà÷à 1 Íàéòè èíòåãðàë∫
1− sinx+ cosx

1 + sin x− cosx
dx

Ðåøåíèå.
Âîñïîëüçîâàâøèñü óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêîé, ñâå-

äåì èíòåãðàë ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè∫
1− sinx+ cosx

1 + sin x− cosx
dx =

t = tg x
2

dx = 2 dt
1+t2

∫
1− 2t

1+t2 +
1−t2

1+t2

1 + 2t
1+t2 −

1−t2

1+t2

· 2 dt

1 + t2
=

= 2

∫
2− 2t(

2t2 + 2t
)(
1 + t2

) dt = 2

∫
1− t

t(t+ 1)
(
1 + t2

) dt

Ïðåäñòàâèì ïîäûíòåãðàëüíóþ ôóíêöèþ â âèäå ñóììû ïðîñòåéøèõ äðî-
áåé ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

1− t

t(t+ 1)
(
1 + t2

) =
A

t
+

B

t+ 1
+

Ct+D

1 + t2

Êîýôôèöèåíòû A è B íàõîäèì ïî ôîðìóëàì

A =
1− t

(t+ 1)
(
1 + t2

)∣∣∣∣∣
t=0

= 1

B =
1− t

t
(
1 + t2

)∣∣∣∣∣
t=−1

= −1

2



Ñëåäîâàòåëüíî,

Ct+D

1 + t2
=

1− t

t(t+ 1)
(
1 + t2

) − 1

t
+

1

t+ 1
=

1− t− (t+ 1)
(
1 + t2

)
+ t

(
1 + t2

)
t(t+ 1)

(
1 + t2

) =

=
1− t− t− 1− t3 − t2 + t+ t3

t(t+ 1)
(
1 + t2

) =
−t2 − t

t(t+ 1)
(
1 + t2

) = − 1

1 + t2

Òàêèì îáðàçîì,

2

∫
1− t

t(t+ 1)
(
1 + t2

) dt = 2

∫ (
1

t
− 1

t+ 1
− 1

1 + t2

)
dt =

= 2 ln |t| − 2 ln |t+ 1| − 2 arctg t+ C =

= 2 ln

∣∣∣∣ tg x

2

∣∣∣∣− 2 ln

∣∣∣∣ tg x

2
+ 1

∣∣∣∣− 2 arctg

(
tg

x

2

)
+ C =

= 2 ln

∣∣∣∣ tg x

2

∣∣∣∣− 2 ln

∣∣∣∣ tg x

2
+ 1

∣∣∣∣− x+ C

Îòâåò. ∫
1− sinx+ cosx

1 + sin x− cosx
dx = 2 ln

∣∣∣∣ tg x

2

∣∣∣∣− 2 ln

∣∣∣∣ tg x

2
+ 1

∣∣∣∣− x+ C

Âû÷èñëåíèå èíòåãðàëîâ âèäà

∫
sinn x cosm x dx

Ïðèìåíåíèå óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè ÷àñòî ïðè-
âîäèò ê òðóäîåìêèì âû÷èñëåíèÿì, ïîýòîìó â ðÿäå ñëó÷àåâ óäîáíåå èñïîëüçî-
âàòü äðóãèå ìåòîäû.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà∫
sinn x cosm x dx,
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ãäå m è n � öåëûå ÷èñëà,

� â ñëó÷àå, êîãäà m � íå÷åòíîå ÷èñëî, óäîáíî ñäåëàòü çàìåíó ïåðå-
ìåííîé

t = sinx

� â ñëó÷àå, êîãäà n � íå÷åòíîå ÷èñëî, óäîáíî ñäåëàòü çàìåíó ïåðåìåí-
íîé

t = cosx

� â ñëó÷àå, êîãäà m è n � ÷åòíûå íåîòðèöàòåëüíûå ÷èñëà, íóæ-
íî, ïðèìåíÿÿ òðèãîíîìåòðè÷åñêèå ôîðìóëû, ïðåîáðàçîâàòü ïîäûí-
òåãðàëüíóþ ôóíêöèþ ê ñóììå ñèíóñîâ/êîñèíóñîâ êðàòíûõ óãëîâ;

� â ñëó÷àå, êîãäà m è n � ÷åòíûå ÷èñëà, è õîòÿ áû îäíî èç íèõ
îòðèöàòåëüíîå, óäîáíî ñäåëàòü çàìåíó ïåðåìåííîé

t = tg x, åñëè m < 0;

èëè

t = ctg x, åñëè n < 0.

Çàäà÷à 2 Íàéòè èíòåãðàë ∫
sin4 x

cosx
dx

Ðåøåíèå.
Ïîñêîëüêó cosx âõîäèò â ïîäûíòåãðàëüíóþ ôóíêöèþ â íå÷åòíîé ñòåïå-

íè, òî ñäåëàåì çàìåíó ïåðåìåííîé

t = sinx, dt = cosx dx
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Òîãäà∫
sin4 x

cosx
dx =

∫
sin4 x

cos2 x
cosx dx =

t = sinx

dt = cosx dx

∫
t4

1− t2
dt =

= −
∫

t4 − 1 + 1

t2 − 1
dt = −

∫ (
t2 + 1 +

1

t2 − 1

)
dt =

= −t3

3
− t− 1

2
ln

∣∣∣∣t− 1

t+ 1

∣∣∣∣+ C = −sin3 x

3
− sinx− 1

2
ln

∣∣∣∣sinx− 1

sinx+ 1

∣∣∣∣+ C

Îòâåò. ∫
sin4 x

cosx
dx = −sin3 x

3
− sinx− 1

2
ln

∣∣∣∣sinx− 1

sinx+ 1

∣∣∣∣+ C

Çàäà÷à 3 Íàéòè èíòåãðàë ∫
dx

sin2 x cos4 x

Ðåøåíèå.
Ïîñêîëüêó ñòåïåíè sinx è cosx ÷åòíûå è îòðèöàòåëüíûå, òî ñäåëàåì

çàìåíó ïåðåìåííîé

t = tg x, dt =
dx

cos2 x
Òîãäà

∫
dx

sin2 x cos4 x
=

∫
1

sin2 x cos2 x
· dx

cos2 x
=

t = tg x

dt = dx
cos2 x

∫
t2 + 1

t2
(
t2 + 1

)
dt =

=

∫
t4 + 2t2 + 1

t2
dt =

∫ (
t2 + 2 +

1

t2

)
dt =
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=
t3

3
+ 2t− 1

t
+ C =

tg3 x

3
+ 2 tg x− 1

tg x
+ C

Îòâåò. ∫
dx

sin2 x cos4 x
=

tg3 x

3
+ 2 tg x− 1

tg x
+ C

Âû÷èñëåíèå èíòåãðàëîâ âèäà

∫
dx

a+ b cos2 x+ c sin2 x+ d cosx sinx

Ïðîäåìîíñòðèðóåì ìåòîäèêó âû÷èñëåíèÿ òàêèõ èíòåãðàëîâ íà ñëåäóþ-
ùåì ïðèìåðå.

Çàäà÷à 4 Íàéòè èíòåãðàë∫
dx

2 + 3 sin 2x+ 2 cos2 x

Ðåøåíèå.
Âîñïîëüçîâàâøèñü îñíîâíûì òðèãîíîìåòðè÷åñêèì òîæäåñòâîì è ôîðìó-

ëîé äëÿ ñèíóñà äâîéíîãî óãëà, ïðåîáðàçóåì èíòåãðàë ê áîëåå óäîáíîìó âèäó

∫
dx

2 + 3 sin 2x+ 2 cos2 x
=

∫
dx

2 cos2 x+ 2 sin2 x+ 6 sinx cosx+ 2 cos2 x
=

=

∫
dx

2 sin2 x+ 6 sinx cosx+ 4 cos2 x
=

∫
1

2 tg2 x+ 6 tg x+ 4
· dx

cos2 x

Â ðåçóëüòàòå çàìåíû

t = tg x, dt =
dx

cos2 x

èíòåãðàë ñâîäèòñÿ ê âû÷èñëåíèþ èíòåãðàëà îò ðàöèîíàëüíîé äðîáè
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∫
1

2 tg2 x+ 6 tg x+ 4
· dx

cos2 x
=

t = tg x

dt = dx
cos2 x

1

2

∫
dt

t2 + 3t+ 2

Ïðåäñòàâèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â âèäå ñóììû ïðîñòåéøèõ äðîáåé

1

t2 + 3t+ 2
=

1

(t+ 1)(t+ 2)
=

A

t+ 1
+

B

t+ 2

íàéäåì êîýôôèöèåíòû A è B ïî ôîðìóëàì

A =
1

t+ 2

∣∣∣∣
t=−1

= 1

B =
1

t+ 1

∣∣∣∣
t=−2

= −1

Ñëåäîâàòåëüíî,

1

2

∫
dt

t2 + 3t+ 2
=

1

2

∫ (
1

t+ 1
− 1

t+ 2

)
dt =

1

2
ln |t+ 1| − 1

2
ln |t+ 2|+ C =

=
1

2
ln | tg x+ 1| − 1

2
ln | tg x+ 2|+ C

Îòâåò.

∫
dx

2 + 3 sin 2x+ 2 cos2 x
=

1

2
ln | tg x+ 1| − 1

2
ln | tg x+ 2|+ C
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Âû÷èñëåíèå èíòåãðàëîâ âèäà

∫
R (shx, chx) dx

Ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ, ñîäåðæàùèõ ãèïåðáîëè÷åñêèå ôóíêöèè,
ïîëíîñòüþ àíàëîãè÷íû ìåòîäàì âû÷èñëåíèÿ èíòåãðàëîâ, ñîäåðæàùèõ òðèãî-
íîìåòðè÷åñêèå ôóíêöèè, îïèñàííûì âûøå.

Àíàëîãîì óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè ÿâëÿåòñÿ
¾óíèâåðñàëüíàÿ ãèïåðáîëè÷åñêàÿ ïîäñòàíîâêà¿

t = th
x

2
Â ýòîì ñëó÷àå

dt =
1

2 ch2 x
2

dx =
1

2

(
1− th2

x

2

)
dx ⇒ dx =

2 dt

1− t2

shx =
2 sh x

2 ch
x
2

ch2 x
2 − sh2 x

2

=
2 th x

2

1− th2 x
2

=
2t

1− t2

chx =
ch2 x

2 + sh2 x
2

ch2 x
2 − sh2 x

2

=
1 + th2 x

2

1− th2 x
2

=
1 + t2

1− t2

Çàäà÷à 5 Íàéòè èíòåãðàë ∫
dx

4 + 5 chx

Ðåøåíèå.
Âîñïîëüçîâàâøèñü ¾óíèâåðñàëüíîé ãèïåðáîëè÷åñêîé ïîäñòàíîâêîé¿, ïî-

ëó÷àåì

∫
dx

4 + 5 chx
=

t = th x
2

dx = 2 dt
1−t2

∫
2 dt

(1− t2)
(
4 + 5 (1+t2)

1−t2

) =

∫
2 dt

4− 4t2 + 5 + 5t2
=

=

∫
2 dt

9 + t2
=

2

3
arctg

t

3
+ C =

2

3
arctg

th x
2

3
+ C
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Îòâåò. ∫
dx

4 + 5 chx
=

2

3
arctg

th x
2

3
+ C

Çàäà÷à 6 (çàäàíèå, �4, �10(1)) Íàéòè èíòåãðàë∫
dx

shx ch2 x

Ðåøåíèå.
Ïîñêîëüêó shx âõîäèò â ïîäûíòåãðàëüíóþ ôóíêöèþ â íå÷åòíîé ñòåïåíè,

òî ñäåëàåì çàìåíó ïåðåìåííîé

t = chx, dt = shx dx

Òîãäà

∫
dx

shx ch2 x
=

∫
shx dx

sh2 x ch2 x
=

t = chx

dt = shx dx

∫
dt

(t2 − 1)t2
=

∫
t2 + (1− t2)

(t2 − 1)t2
dt =

=

∫ (
1

t2 − 1
− 1

t2

)
dt =

1

2
ln

∣∣∣∣ t− 1

t+ 1

∣∣∣∣+ 1

t
+ C =

1

2
ln

∣∣∣∣ chx− 1

chx+ 1

∣∣∣∣+ 1

chx
+ C

Îòâåò.

∫
dx

shx ch2 x
=

1

2
ln

∣∣∣∣ chx− 1

chx+ 1

∣∣∣∣+ 1

chx
+ C
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Ïðèìåíåíèå òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê
äëÿ âû÷èñëåíèÿ èíòåãðàëîâ îò ðàöèîíàëüíûõ äðîáåé è

èððàöèîíàëüíûõ ôóíêöèé

Ìíîãèå èíòåãðàëû ìîæíî âû÷èñëÿòü ðàçëè÷íûìè ñïîñîáàìè. Â ðÿäå ñëó-
÷àåâ âû÷èñëåíèå èíòåãðàëîâ îò ðàöèîíàëüíûõ äðîáåé è èððàöèîíàëüíûõ
ôóíêöèé ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê
ïîçâîëÿåò çíà÷èòåëüíî îáëåã÷èòü ðàñ÷åòû.

Ðàçáåðåì íåñêîëüêî ïðèìåðîâ.

Çàäà÷à 7 Íàéòè èíòåãðàë ∫ √
(4− x2)3 dx

Ðåøåíèå.
Ñäåëàåì çàìåíó ïåðåìåííîé

x = 2 sin t, dx = 2 cos t dt

Òîãäà

∫ √
(4− x2)3 dx =

x = 2 sin t

dx = 2 cos t dt

16

∫
cos4 t dt = 4

∫
(1 + cos 2t)2 dt =

= 4

∫
(1 + 2 cos 2t+ cos2 2t) dt = 4

∫ (
1 + 2 cos 2t+

1 + cos 4t

2

)
dt =

= 2

∫
(3 + 4 cos 2t+ cos 4t) dt = 6t+ 4 sin 2t+

1

2
sin 4t+ C =

= 6t+ 8 sin t cos t+ 2 sin t cos t(1− 2 sin2 t) + C =

= 6t+ 10 sin t cos t− 4 sin3 t cos t+ C =
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= 6arcsin
x

2
+ 5x

√
1− x2

4
− x3

2

√
1− x2

4
+ C

Îòâåò.

∫ √
(4− x2)3 dx = 6arcsin

x

2
+ 5x

√
1− x2

4
− x3

2

√
1− x2

4
+ C

Çàäà÷à 8 Íàéòè èíòåãðàë ∫ √
9 + x2 dx

Ðåøåíèå.
Ñäåëàåì çàìåíó ïåðåìåííîé

x = 3 sh t, dx = 3 ch t dt

Òîãäà

∫ √
9 + x2 dx =

x = 3 sh t

dx = 3 ch t dt

9

∫
ch2 t dt =

9

2

∫
(1 + ch 2t) dt =

=
9 t

2
+

9

4
sh 2t+ C

Äëÿ òîãî, ÷òîáû âåðíóòüñÿ ê èñõîäíîé ïåðåìåííîé, ðåøèì óðàâíåíèå

x = 3 sh t

x =
3et − 3e−t

2

3(et)2 − 2x et − 3 = 0
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(et)1,2 =
x±

√
x2 + 9

3

Ïîñêîëüêó et > 0, òî

et =
x+

√
x2 + 9

3

t = ln(x+
√
x2 + 9)− ln 3

Ñëåäîâàòåëüíî,

∫ √
9 + x2 dx =

9 t

2
+

9

4
sh 2t+ C =

9

2
ln(x+

√
x2 + 9) +

3

2
x

√
1 +

x2

9
+ C

Îòâåò. ∫ √
9 + x2 dx =

9

2
ln(x+

√
x2 + 9) +

1

2
x
√
9 + x2 + C

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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