
Èíòåãðèðîâàíèå ðàöèîíàëüíûõ äðîáåé

Ñàìàðîâà Ñ.Ñ.

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ìíîãîìåðíûé àíàëèç, èíòåãðàëû è ðÿäû¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàþòñÿ ìåòîäû âû÷èñëåíèÿ íåîïðåäåëåííûõ èíòå-
ãðàëîâ îò ðàöèîíàëüíûõ äðîáåé. Ðåøàþòñÿ òèïîâûå ïðèìåðû èç ñòóäåí÷å-
ñêèõ äîìàøíèõ çàäàíèé è ýêçàìåíàöèîííûõ êîíòðîëüíûõ ðàáîò.

Èíòåãðàëàìè îò ðàöèîíàëüíûõ äðîáåé íàçûâàþò èíòåãðàëû âèäà∫
Q(x)

P (x)
dx

ãäå Q(x) è P (x) � ìíîãî÷ëåíû.

Âû÷èñëåíèå òàêèõ èíòåãðàëîâ îñóùåñòâëÿåòñÿ ïî ñëåäóþùåé ñõåìå.

1. Âûäåëåíèå öåëîé ÷àñòè ðàöèîíàëüíîé äðîáè â ñëó÷àå, åñëè ñòåïåíü
Q(x) áîëüøå ëèáî ðàâíà ñòåïåíè P (x)

2. Ðàçëîæåíèå çíàìåíàòåëÿ ðàöèîíàëüíîé äðîáè íà ìíîæèòåëè

3. Ïðåäñòàâëåíèå ðàöèîíàëüíîé äðîáè â âèäå ñóììû ïðîñòåéøèõ äðîáåé

4. Èíòåãðèðîâàíèå ïðîñòåéøèõ äðîáåé

Ïîêàæåì íà ïðèìåðàõ, êàê ðåàëèçóåòñÿ ýòà ñõåìà.
Íà÷íåì ñ ñàìîãî ïðîñòîãî ñëó÷àÿ, êîãäà âñå êîðíè ìíîãî÷ëåíà P (x)

äåéñòâèòåëüíûå è ðàçëè÷íûå.
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Çàäà÷à 1 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 1967/1968 ó÷. ãîäà)
Íàéòè èíòåãðàë ∫

3− x

x3 + 4x2 + 3x
dx

Ðåøåíèå.

� Ïîñêîëüêó ñòåïåíü ÷èñëèòåëÿ äðîáè ìåíüøå ñòåïåíè çíàìåíàòåëÿ, òî âû-
äåëÿòü öåëóþ ÷àñòü íå íóæíî.

� Ðàçëîæèì çíàìåíàòåëü íà ìíîæèòåëè

x3 + 4x2 + 3x = x
(
x2 + 4x+ 3

)
= x(x+ 1)(x+ 3)

� Ïîñêîëüêó â ïîëó÷åííîì ðàçëîæåíèè çíàìåíàòåëÿ íà ìíîæèòåëè âñå
ìíîæèòåëè ëèíåéíûå è âõîäÿò â ðàçëîæåíèå â ïåðâîé ñòåïåíè (âñå êîð-
íè çíàìåíàòåëÿ äåéñòâèòåëüíûå è ðàçëè÷íûå), òî ðàçëîæåíèå ïîäûíòå-
ãðàëüíîé ôóíêöèè íà ïðîñòåéøèå äðîáè èìååò âèä

3− x

x3 + 4x2 + 3x
=

3− x

x(x+ 1)(x+ 3)
=

A

x
+

B

x+ 1
+

C

x+ 3
(1)

ãäå A, B, C � ÷èñëà, íàçûâàåìûå íåîïðåäåëåííûìè êîýôôèöèåíòàìè.

Äëÿ òîãî, ÷òîáû íàéòè ýòè ÷èñëà, ñóùåñòâóåò ìíîãî ñïîñîáîâ, è ìîæíî
èñïîëüçîâàòü ëþáîé èç íèõ. Ãëàâíîå, ÷òîáû ðåçóëüòàò ðàçëîæåíèÿ äðîáè
íà ïðîñòåéøèå áûë ïðàâèëüíûì.

Ìû âîñïîëüçóåìñÿ ïîäõîäÿùèì ê ýòîìó ñëó÷àþ áûñòðûì ñïîñîáîì.

Íàéäåì ñíà÷àëà, íàïðèìåð, êîýôôèöèåíò C. Äëÿ ýòîãî óìíîæèì ðà-
âåíñòâî (1) íà (x+ 3) :

3− x

x(x+ 1)
=

A(x+ 3)

x
+

B(x+ 3)

x+ 1
+ C (2)

Ïîäñòàâëÿÿ â òîæäåñòâî (2) x = −3, ïîëó÷àåì

C =
3− x

x(x+ 1)

∣∣∣∣
x=−3

= 1
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Äåéñòâóÿ àíàëîãè÷íî, íàõîäèì

B =
3− x

x(x+ 3)

∣∣∣∣
x=−1

= −2

A =
3− x

(x+ 1)(x+ 3)

∣∣∣∣
x=0

= 1

Òàêèì îáðàçîì,

3− x

x3 + 4x2 + 3x
=

1

x
− 2

x+ 1
+

1

x+ 3

Îáÿçàòåëüíî ïðîâåðüòå ñåáÿ! Ñëîæèòå äðîáè â ïðàâîé ÷àñòè ðàâåíñòâà
è óáåäèòåñü, ÷òî ïîëó÷èëàñü äðîáü èç ëåâîé ÷àñòè. Ñòóäåíòû äîïóñêàþò
îãðîìíîå êîëè÷åñòâî îøèáîê ïðè ðàçëîæåíèè äðîáè íà ïðîñòåéøèå.

� Ïîñëå òîãî, êàê ðàçëîæåíèå íà ïðîñòåéøèå äðîáè ïîëó÷åíî, ìîæíî âû-
÷èñëèòü äàííûé â çàäà÷å èíòåãðàë∫

3− x

x3 + 4x2 + 3x
dx =

∫ (
1

x
− 2

x+ 1
+

1

x+ 3

)
dx =

=

∫
dx

x
− 2

∫
dx

x+ 1
+

∫
dx

x+ 3
= ln |x| − 2 ln |x+ 1|+ ln |x+ 3|+ C

Îòâåò. ∫
3− x

x3 + 4x2 + 3x
= ln |x| − 2 ln |x+ 1|+ ln |x+ 3|+ C

Ðåøèì òåïåðü çàäà÷ó, â êîòîðîé òðåáóåòñÿ âû÷èñëèòü èíòåãðàë îò ðàöèî-
íàëüíîé äðîáè â ñëó÷àå, êîãäà âñå êîðíè ìíîãî÷ëåíà, ñòîÿùåãî â çíàìåíàòåëå
äðîáè, äåéñòâèòåëüíûå, íî ñðåäè íèõ èìåþòñÿ êðàòíûå êîðíè.

Çàäà÷à 2 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 1984-1985 ó÷. ãîäà)
Íàéòè èíòåãðàë ∫

2x4 + x3 − 6

x3 − 3x+ 2
dx
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Ðåøåíèå.

� Ïîñêîëüêó ñòåïåíü ÷èñëèòåëÿ áîëüøå ñòåïåíè çíàìåíàòåëÿ, òî âûäåëèì
èç äðîáè öåëóþ ÷àñòü, ðàçäåëèâ ÷èñëèòåëü íà çíàìåíàòåëü ñ îñòàòêîì

2x4+x3 − 6 x3 − 3x+ 2
2x4 − 6x2 + 4x 2x+ 1

x3 + 6x2 − 4x − 6
x3 − 3x + 2

6x2 − x − 8

Òàêèì îáðàçîì,∫
2x4 + x3 − 6

x3 − 3x+ 2
dx =

∫ (
2x+ 1 +

6x2 − x− 8

x3 − 3x+ 2

)
dx =

= x2 + x+

∫
6x2 − x− 8

x3 − 3x+ 2
dx

è çàäà÷à ñâåëàñü ê âû÷èñëåíèþ èíòåãðàëà îò ðàöèîíàëüíîé äðîáè∫
6x2 − x− 8

x3 − 3x+ 2
dx

� Äëÿ âû÷èñëåíèÿ èíòåãðàëà ðàçëîæèì çíàìåíàòåëü äðîáè íà ìíîæèòåëè

x3−3x+2 = x3−x−2x+2 = x
(
x2−1

)
−2(x−1) = (x−1)

(
x2+x−2

)
=

= (x− 1)(x+ 2)(x− 1) = (x− 1)2(x+ 2)

� Òåïåðü ïðåäñòàâèì äðîáü â âèäå ñóììû ïðîñòåéøèõ äðîáåé

6x2 − x− 8

x3 − 3x+ 2
=

6x2 − x− 8

(x− 1)2(x+ 2)
=

A

x− 1
+

B

(x− 1)2
+

C

x+ 2
(3)

ãäå A, B, C � íåîïðåäåëåííûå êîýôôèöèåíòû.

Îòìåòèì îñîáî, ÷òî, ïîñêîëüêó ìíîæèòåëü (x−1) âõîäèò â çíàìåíàòåëü
äðîáè ñ êâàäðàòîì, òî åìó â ðàçëîæåíèè äðîáè íà ïðîñòåéøèå ñîîòâåò-
ñòâóþò äâà ñëàãàåìûõ: ñ ïåðâîé è ñî âòîðîé ñòåïåíüþ â çíàìåíàòåëÿõ.
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Êîýôôèöèåíò C ìîæíî íàéòè òåì æå ñïîñîáîì, êàê ýòî áûëî ñäåëàíî
â çàäà÷å 1,

C =
6x2 − x− 8

(x− 1)2

∣∣∣∣
x=−2

= 2

Äëÿ òîãî, ÷òîáû îïðåäåëèòü êîýôôèöèåíò B, óìíîæèì ðàâåíñòâî (3)
íà (x− 1)2

6x2 − x− 8

x+ 2
= A(x− 1) +B +

C(x− 1)2

x+ 2

Ïîëàãàÿ x = 1, íàõîäèì

B =
6x2 − x− 8

x+ 2

∣∣∣∣
x=1

= −1

Ê ñîæàëåíèþ, íàéòè A òåì æå ñïîñîáîì íå óäàñòñÿ, íî ìîæíî ïîäñòà-
âèòü â òîæäåñòâî

6x2 − x− 8

(x− 1)2(x+ 2)
=

A

x− 1
− 1

(x− 1)2
+

2

x+ 2

âìåñòî x ëþáîå ïîäõîäÿùåå ÷èñëî, íàïðèìåð, x = 0 :

−4 = −A− 1 + 1 ⇒ A = 4

Òàêèì îáðàçîì,

6x2 − x− 8

x3 − 3x+ 2
=

4

x− 1
− 1

(x− 1)2
+

2

x+ 2

� Òåïåðü ìîæíî ïðîèíòåãðèðîâàòü äðîáü∫
6x2 − x− 8

x3 − 3x+ 2
dx =

∫ (
4

x− 1
− 1

(x− 1)2
+

2

x+ 2

)
dx =

= 4

∫
dx

x− 1
−
∫

dx

(x− 1)2
+2

∫
dx

x+ 2
= 4 ln |x−1|+ 1

x− 1
+2 ln |x+2|+C

5



Ñëåäîâàòåëüíî,∫
2x4 + x3 − 6

x3 − 3x+ 2
dx = x2 + x+

∫
6x2 − x− 8

x3 − 3x+ 2
dx =

= x2 + x+ 4 ln |x− 1|+ 1

x− 1
+ 2 ln |x+ 2|+ C

Îòâåò.

∫
2x4 + x3 − 6

x3 − 3x+ 2
dx = x2 + x+ 4 ln |x− 1|+ 1

x− 1
+ 2 ln |x+ 2|+ C

Ðåøèì òåïåðü çàäà÷ó, â êîòîðîé òðåáóåòñÿ âû÷èñëèòü èíòåãðàë îò ðàöè-
îíàëüíîé äðîáè â ñëó÷àå, êîãäà ìíîãî÷ëåí, ñòîÿùèé â çíàìåíàòåëå äðîáè,
èìååò êâàäðàòè÷íûé ìíîæèòåëü, íå ðàñêëàäûâàþùèéñÿ â ïðîèçâåäåíèå ëè-
íåéíûõ.

Çàäà÷à 3 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2020-2021 ó÷.ãîäà)
Íàéòè èíòåãðàë ∫

4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
dx

Ðåøåíèå.

� Ïîñêîëüêó ñòåïåíü ÷èñëèòåëÿ äðîáè ìåíüøå ñòåïåíè çíàìåíàòåëÿ, òî âû-
äåëÿòü öåëóþ ÷àñòü íå íóæíî.

� Çíàìåíàòåëü óæå ðàçëîæåí íà ìíîæèòåëè, ò.ê. êâàäðàòíûé òðåõ÷ëåí

x2 + 2x+ 10

äåéñòâèòåëüíûõ êîðíåé íå èìååò.

� Ïîñêîëüêó â ðàçëîæåíèè çíàìåíàòåëÿ äðîáè íà ìíîæèòåëè ëèíåéíûé
ìíîæèòåëü (2x− 1) âõîäèò â ðàçëîæåíèå âî âòîðîé ñòåïåíè, à êâàäðà-
òè÷íûé ìíîæèòåëü (x2 + 2x + 10) � â ïåðâîé ñòåïåíè, òî ðàçëîæåíèå
ïîäûíòåãðàëüíîé ôóíêöèè íà ïðîñòåéøèå äðîáè èìååò âèä
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4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
=

A

2x− 1
+

B

(2x− 1)2
+

Cx+D

x2 + 2x+ 10

ãäå A, B, C, D � íåîïðåäåëåííûå êîýôôèöèåíòû.

Îòìåòèì îñîáî, ÷òî â ÷èñëèòåëå ïðîñòåéøåé äðîáè ñ êâàäðàòè÷íûì çíà-
ìåíàòåëåì ñòîèò íå ÷èñëî, à ìíîãî÷ëåí ïåðâîé ñòåïåíè Cx+D .

Ñðàçó íàéäåì êîýôôèöèåíò B

B =
4x3 + 7x2 − 13x− 7

x2 + 2x+ 10

∣∣∣∣
x=

1
2

= −1

Ñëåäîâàòåëüíî,

4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
=

A

2x− 1
− 1

(2x− 1)2
+

Cx+D

x2 + 2x+ 10

Óìíîæàÿ ýòî ðàâåíñòâî íà îáùèé çíàìåíàòåëü, ïîëó÷àåì òîæäåñòâî

4x3 + 7x2 − 13x− 7 =

= A(2x− 1)(x2 + 2x+ 10)− (x2 + 2x+ 10) + (Cx+D)(2x− 1)2 =

= 2Ax3 + 3Ax2 + 18Ax− 10A− x2 − 2x− 10 + (Cx+D)(4x2 − 4x+ 1) =

= x3(2A+4C)+x2(3A−1+4D−4C)+x(18A−2−4D+C)+(−10A−10+D)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé ñòåïåíè x, ïîëó÷àåì ñèñòåìó
óðàâíåíèé


2A+ 4C = 4

3A− 4C + 4D = 8

18A+ C − 4D = −11

−10A+D = 3

⇔


A+ 2C = 2

5A+ 4D = 12

18A+ C − 4D = −11

−10A+D = 3

⇔
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⇔


A+ 2C = 2

5A+ 4D = 12

18A+ C − 4D = −11

9D = 27

⇔


A = 0

C = 1

D = 3

Òàêèì îáðàçîì,

4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
= − 1

(2x− 1)2
+

x+ 3

x2 + 2x+ 10

� Âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì ïîäûíòåãðàëüíîé ôóíêöèè â âèäå
ñóììû ïðîñòåéøèõ äðîáåé, ïîëó÷àåì

∫
4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
dx =

∫ (
− 1

(2x− 1)2
+

x+ 3

x2 + 2x+ 10

)
dx =

= −
∫

dx

(2x− 1)2
+

∫
x+ 3

x2 + 2x+ 10
dx

Âû÷èñëèì ýòè èíòåãðàëû ïî îòäåëüíîñòè.

1. Ïåðâûé èíòåãðàë ìîæíî âû÷èñëèòü ïðè ïîìîùè çàìåíû ïåðåìåííîé

−
∫

dx

(2x− 1)2
=

t = 2x− 1

dt = 2dx

−
∫

dt

2t2
=

1

2t
+ C =

1

2(2x− 1)
+ C

2. Äëÿ ïîäñ÷åòà âòîðîãî èíòåãðàëà âûäåëèì â ÷èñëèòåëå äðîáè ïðîèç-
âîäíóþ çíàìåíàòåëÿ

x+ 3 =
1

2
(2x+ 2) + 2

è ïðåäñòàâèì èíòåãðàë â âèäå ñóììû
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∫
x+ 3

x2 + 2x+ 10
dx =

1

2

∫
2x+ 2

x2 + 2x+ 10
dx+ 2

∫
1

x2 + 2x+ 10
dx

Ïåðâûé èíòåãðàë âû÷èñëÿåì ñ ïîìîùüþ çàìåíû ïåðåìåííîé

1

2

∫
2x+ 2

x2 + 2x+ 10
dx =

t = x2 + 2x+ 10

dt = (2x+ 2)dx

1

2

∫
dt

t
=

=
1

2
ln |t|+ C =

1

2
ln |x2 + 2x+ 10|+ C

Âî âòîðîì èíòåãðàëå âûäåëèì â çíàìåíàòåëå ïîëíûé êâàäðàò è ñäå-
ëàåì çàìåíó ïåðåìåííîé

2

∫
1

x2 + 2x+ 10
dx = 2

∫
1

(x+ 1)2 + 9
dx =

t = x+ 1

dt = dx

2

∫
1

t2 + 9
dt =

=
2

3
arctg

t

3
+ C =

2

3
arctg

x+ 1

3
+ C

Ñêëàäûâàÿ ïîëó÷åííûå ðåçóëüòàòû, ïîëó÷àåì∫
x+ 3

x2 + 2x+ 10
dx =

1

2
ln |x2 + 2x+ 10|+ 2

3
arctg

x+ 1

3
+ C

Ñëåäîâàòåëüíî,

∫
4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
dx =

=
1

2(2x− 1)
+

1

2
ln |x2 + 2x+ 10|+ 2

3
arctg

x+ 1

3
+ C

Îòâåò.
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∫
4x3 + 7x2 − 13x− 7

(2x− 1)2(x2 + 2x+ 10)
dx =

1

2(2x− 1)
+
1

2
ln |x2+2x+10|+2

3
arctg

x+ 1

3
+C

Ðåøèì åùå îäíó çàäà÷ó, â êîòîðîé ïðèìåíåíèå îáùåãî ìåòîäà ïðèâîäèò ê
òðóäîåìêèì âûêëàäêàì, êàê, âïðî÷åì, âñåãäà è áûâàåò, à òâîð÷åñêèé ïîäõîä
ïîçâîëÿåò ïîëó÷èòü îòâåò ãîðàçäî áûñòðåå è ëåã÷å.

Çàäà÷à 4 (çàäàíèå, �2 �8(2)) Íàéòè èíòåãðàë∫
x4 − 2x2 + 2

(x2 − 2x+ 2)2
dx

Ðåøåíèå.
Ñäåëàåì çàìåíó ïåðåìåííîé∫

x4 − 2x2 + 2

(x2 − 2x+ 2)2
dx =

∫
x4 − 2x2 + 2(
(x− 1)2 + 1

)2 dx =

t = x− 1

dt = dx

=

∫
(t+ 1)4 − 2(t+ 1)2 + 2

(t2 + 1)2
dt =

=

∫
t4 + 4t3 + 6t2 + 4t+ 1− 2t2 − 4t− 2 + 2

(t2 + 1)2
dt =

∫
t4 + 4t3 + 4t2 + 1

(t2 + 1)2
dt =

=

∫ (
1 +

t4 + 4t3 + 4t2 + 1− t4 − 2t2 − 1

(t2 + 1)2

)
dt =

= t+

∫
4t3

(t2 + 1)2
dt+

∫
2t2

(t2 + 1)2
dt

Âû÷èñëèì êàæäûé èç ïîëó÷åííûõ èíòåãðàëîâ ïî îòäåëüíîñòè.

� Â ïåðâîì èíòåãðàëå ñäåëàåì çàìåíó ïåðåìåííîé
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∫
4t3

(t2 + 1)2
dt =

y = t2 + 1

dy = 2tdt

∫
2(y − 1)

y2
dy = 2

∫
dy

y
− 2

∫
dy

y2
=

= 2 ln |y|+ 2

y
+ C = 2 ln

(
t2 + 1

)
+

2

t2 + 1
+ C

� Âî âòîðîì èíòåãðàëå ïðèìåíèì èíòåãðèðîâàíèå ïî ÷àñòÿì

∫
2t2

(t2 + 1)2
dt =

∫
t

2t

(t2 + 1)2
dt =

∫
t

(
− 1

t2 + 1

)′
dt =

= − t

t2 + 1
+

∫
1

t2 + 1
dt = − t

t2 + 1
+ arctg t+ C

Òàêèì îáðàçîì,

t+

∫
4t3

(t2 + 1)2
dt+

∫
2t2

(t2 + 1)2
dt =

= t+ 2 ln
(
t2 + 1

)
+

2

t2 + 1
− t

t2 + 1
+ arctg t+ C

Îñòàåòñÿ âîçâðàòèòüñÿ ê èñõîäíîé ïåðåìåííîé x∫
x4 − 2x2 + 2

(x2 − 2x+ 2)2
dx =

= x− 1 + 2 ln
(
(x− 1)2 + 1

)
+

2− (x− 1)

(x− 1)2 + 1
+ arctg (x− 1) + C

Îòâåò.

∫
x4 − 2x2 + 2

(x2 − 2x+ 2)2
dx = x+ 2 ln

(
x2 − 2x+ 2

)
+

3− x

x2 − 2x+ 2
+ arctg (x− 1) +C
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Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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