
Íåîïðåäåëåííûé èíòåãðàë. Ïðîñòåéøèå

ïðèåìû èíòåãðèðîâàíèÿ

Ñàìàðîâà Ñ.Ñ.

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ìíîãîìåðíûé àíàëèç, èíòåãðàëû è ðÿäû¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàþòñÿ ìåòîäû âû÷èñëåíèÿ íåîïðåäåëåííûõ èíòå-
ãðàëîâ ñ ïîìîùüþ çàìåíû ïåðåìåííîé è èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Ðåøàþò-
ñÿ òèïîâûå ïðèìåðû èç ñòóäåí÷åñêèõ äîìàøíèõ çàäàíèé è ýêçàìåíàöèîííûõ
êîíòðîëüíûõ ðàáîò.

Íàïîìíèì íóæíûå òåîðåòè÷åñêèå ñâåäåíèÿ.

Ïåðâîîáðàçíàÿ

Îïðåäåëåíèå 1 Ôóíêöèþ F (x) íàçûâàþò ïåðâîîáðàçíîé ôóíêöèè f(x)
íà èíòåðâàëå (a, b), åñëè F (x) äèôôåðåíöèðóåìà íà (a, b) è äëÿ ëþáîãî

x ∈ (a, b) ñïðàâåäëèâî ðàâåíñòâî

F ′(x) = f(x)

Åñëè ôóíêöèÿ F (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé ôóíêöèè f(x) íà èíòåð-
âàëå (a, b), òî è äëÿ ëþáîãî ÷èñëà C ôóíêöèÿ F (x) + C òàêæå ÿâëÿåòñÿ
ïåðâîîáðàçíîé f(x) íà èíòåðâàëå (a, b).

Åñëè ôóíêöèè F1(x) è F2(x) ÿâëÿþòñÿ ïåðâîîáðàçíûìè ôóíêöèè f(x)
íà èíòåðâàëå (a, b), òî F1(x)− F2(x) = C , ãäå C � ÷èñëî.
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Íåîïðåäåëåííûé èíòåãðàë

Îïðåäåëåíèå 2 Ïóñòü F (x) � ïåðâîîáðàçíàÿ ôóíêöèè f(x). Ìíîæåñòâî

âñåõ ïåðâîîáðàçíûõ ôóíêöèè f(x) , èìåþùåå âèä

{F (x) + C, C ∈ R}
íàçûâàþò íåîïðåäåëåííûì èíòåãðàëîì ôóíêöèè f(x) è îáîçíà÷àþò

∫
f(x) dx

Òàêèì îáðàçîì, ∫
f(x) dx = F (x) + C.

Â ýòîé ôîðìóëå

� ôóíêöèþ f(x) íàçûâàþò ïîäûíòåãðàëüíîé ôóíêöèåé;

� ïåðåìåííóþ x íàçûâàþò ïåðåìåííîé èíòåãðèðîâàíèÿ.

Òàáëè÷íûå èíòåãðàëû

Ñëåäóþùèå ôîðìóëû ÿâëÿþòñÿ îñíîâîé äëÿ ðåøåíèÿ ëþáûõ çàäà÷, ãäå
òðåáóåòñÿ èíòåãðèðîâàíèå.

Èõ íóæíî âûó÷èòü íàèçóñòü!

�

∫
xα dx =

xα+1

α + 1
+ C ; α ̸= −1

�

∫
dx

x+ a
= ln |x+ a|+ C

�

∫
ax dx =

ax

ln a
+ C ; a > 0, a ̸= −1

�

∫
sinx dx = − cosx+ C

�

∫
cosx dx = sinx+ C
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�

∫
dx

cos2 x
= tgx+ C

�

∫
dx

sin2 x
= −ctgx+ C

�

∫
shx dx = chx+ C

�

∫
chx dx = shx+ C

�

∫
dx

ch2 x
= thx+ C

�

∫
dx

sh2 x
= −cthx+ C

�

∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C ; a ̸= 0

�

∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣x− a

x+ a

∣∣∣∣+ C ; a ̸= 0

�

∫
dx√

a2 − x2
= arcsin

x

|a|
+ C ; a ̸= 0

�

∫
dx√

x2 + a2
= ln

(
x+

√
x2 + a2

)
+ C ; a ̸= 0

�

∫
dx√

x2 − a2
= ln

∣∣∣x+
√

x2 − a2
∣∣∣+ C ; a ̸= 0

Âû÷èñëåíèå ïðîñòåéøèõ èíòåãðàëîâ

Ðàçáåðåì íåñêîëüêî ïðèìåðîâ, â êîòîðûõ äëÿ âû÷èñëåíèÿ èíòåãðàëà íóæ-
íî ïðåîáðàçîâàòü ïîäûíòåãðàëüíóþ ôóíêöèþ ê âèäó, èìåþùåìóñÿ â òàáëèöå
èíòåãðàëîâ.

Çàäà÷à 1 Íàéòè èíòåãðàë ∫
x2 − x+ 1√

x
dx
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Ðåøåíèå.
Ðàçäåëèì ïî÷ëåííî ÷èñëèòåëü äðîáè, ñòîÿùåé ïîä èíòåãðàëîì, íà çíàìå-

íàòåëü

∫
x2 − x+ 1√

x
dx =

∫ (
x

3
2 − x

1
2 + x−

1
2

)
dx =

x
5
2

5
2

− x
3
2

3
2

+
x

1
2

1
2

+ C =

=
2x

5
2

5
− 2x

3
2

3
+ 2x

1
2 + C

Îòâåò. ∫
x2 − x+ 1√

x
dx =

2x
5
2

5
− 2x

3
2

3
+ 2x

1
2 + C

Çàäà÷à 2 Íàéòè èíòåãðàë ∫
22x ex dx

Ðåøåíèå.
Ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ôóíêöèþ ê òàáëè÷íîìó âèäó∫

22x ex dx =

∫
4x ex dx =

∫
(4e)x dx =

(4e)x

ln(4e)
+ C

Îòâåò. ∫
22x ex dx =

(4e)x

ln(4e)
+ C

Âû÷èñëåíèå èíòåãðàëîâ ïðè ïîìîùè çàìåíû ïåðåìåííîé

Òåîðåìà. Ïóñòü ∫
f(x) dx = F (x) + C

íà èíòåðâàëå I, à ôóíêöèÿ g(t) äèôôåðåíöèðóåìà íà èíòåðâàëå J,
ïðè÷åì g(J) ∈ I. Òîãäà
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∫
f
(
g(t)

)
g′(t) dt = F (g(t)) + C

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ñôîðìóëèðîâàííóþ òåîðåìó îáû÷íî èñïîëü-
çóþò â âèäå∫

f(x) dx =

x = g(t)

dx = g′(t) dt

∫
f
(
g(t)

)
g′(t) dt = F (g(t)) + C

è íàçûâàþò çàìåíîé ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå èëè èíòåãðèðî-
âàíèåì ïîäñòàíîâêîé.

Ïðîäåìîíñòðèðóåì ïðèìåíåíèå ìåòîäà çàìåíû ïåðåìåííîé äëÿ âû÷èñëå-
íèÿ íåñêîëüêèõ íåîïðåäåëåííûõ èíòåãðàëîâ.

Çàäà÷à 3 Íàéòè èíòåãðàë

∫
arctg2x dx

1 + x2

Ðåøåíèå.
Ïîñêîëüêó

(
arctgx

)′
=

1

1 + x2

òî ñäåëàåì â èíòåãðàëå çàìåíó ïåðåìåííîé

t = arctgx, dt =
dx

1 + x2

Â ðåçóëüòàòå ïîëó÷àåì∫
arctg2x dx

1 + x2
=

t = arctgx

dt = dx
1+x2

∫
t2 dt =

t3

3
+ C =

arctg3x

3
+ C
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Îòâåò. ∫
arctg2x dx

1 + x2
=

arctg3x

3
+ C

Çàäà÷à 4 (çàäàíèå, �1 �13.7) Íàéòè èíòåãðàë∫
dx√
ex − 1

Ðåøåíèå.
Ïðåæäå âñåãî îòìåòèì, ÷òî åñëè â ïîäûíòåãðàëüíóþ ôóíêöèþ ïåðåìåí-

íàÿ èíòåãðèðîâàíèÿ x âõîäèò òîëüêî â âèäå ex, òî äëÿ âû÷èñëåíèÿ èíòå-
ãðàëà íóæíî ñäåëàòü çàìåíó ïåðåìåííîé

t = ex, dt = exdx = tdx

Â ðåçóëüòàòå ýòîé çàìåíû ïåðåìåííîé ïîëó÷èì∫
dx√
ex − 1

=

t = ex

dt = tdx

∫
dt

t
√
t− 1

=

u =
√
t− 1

du = dt
2
√
t−1

2

∫
du

u2 + 1
=

= 2 arctgu+ C = 2 arctg
√
t− 1 + C = 2 arctg

√
ex − 1 + C

Îòâåò. ∫
dx√
ex − 1

= 2 arctg
√
ex − 1 + C

Çàäà÷à 5 Íàéòè èíòåãðàë∫
lnx dx

x
√

1− 4 lnx− ln2 x
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Ðåøåíèå.
Ñäåëàåì ñíà÷àëà çàìåíó ïåðåìåííîé

t = lnx, dt =
dx

x

Â ðåçóëüòàòå ïîëó÷èì∫
lnx dx

x
√

1− 4 lnx− ln2 x
=

t = lnx

dt = dx
x

∫
t dt√

1− 4t− t2

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ îò äðîáåé, ó êîòîðûõ â çíàìåíàòåëå ñòîèò
êâàäðàòíûé êîðåíü èç êâàäðàòíîãî òðåõ÷ëåíà, à â ÷èñëèòåëå � ëèíåéíîå âû-
ðàæåíèå, ïðèìåíÿåòñÿ ñëåäóþùèé ïðèåì.

� Íàéäåì ïðîèçâîäíóþ êâàäðàòíîãî òðåõ÷ëåíà, ñòîÿùåãî â çíàìåíàòåëå
ïîä êîðíåì

(
1− 4t− t2

)′
= −4− 2t

� Ïðåîáðàçóåì ÷èñëèòåëü, âûäåëèâ â íåì ïîëó÷åííîå ïðè äèôôåðåíöèðî-
âàíèè âûðàæåíèå

t = −1

2
(−2t− 4)− 2

� Ðàçîáüåì èñêîìûé èíòåãðàë íà äâà èíòåãðàëà

∫
t dt√

1− 4t− t2
= −1

2

∫
(−2t− 4) dt√
1− 4t− t2

− 2

∫
dt√

1− 4t− t2

� Ïåðâûé èç ýòèõ èíòåãðàëîâ ìîæíî âû÷èñëèòü, âîñïîëüçîâàâøèñü çàìå-
íîé ïåðåìåííîé

u = 1− 4t− t2, du = (−2t− 4)dt
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Äåéñòâèòåëüíî,

−1

2

∫
−2t− 4 dt√
1− 4t− t2

=

u = 1− 4t− t2

du = (−2t− 4)dt

−1

2

∫
du√
u
=

= −
√
u+ C = −

√
1− 4t− t2 + C

� Äëÿ âû÷èñëåíèÿ âòîðîãî èíòåãðàëà âûäåëèì â ïîäûíòåãðàëüíîì âûðà-
æåíèè èç êâàäðàòíîãî òðåõ÷ëåíà ïîä êîðíåì ïîëíûé êâàäðàò

1− 4t− t2 = −(t2 + 4t+ 4) + 5 = 5− (t+ 2)2

è ñäåëàåì çàìåíó ïåðåìåííîé

u = t+ 2, du = dt

Â ðåçóëüòàòå ïîëó÷èì

−2

∫
dt√

1− 4t− t2
=

u = t+ 2

du = dt

−2

∫
du√
5− u2

= −2 arcsin
u√
5
+ C =

= −2 arcsin
t+ 2√

5
+ C

� Ñêëàäûâàÿ íàéäåííûå èíòåãðàëû, íàõîäèì∫
t dt√

1− 4t− t2
= −

√
1− 4t− t2 − 2 arcsin

t+ 2√
5

+ C

Äëÿ çàâåðøåíèÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî âîçâðàòèòüñÿ ê èñõîäíîé
ïåðåìåííîé x

∫
lnx dx

x
√

1− 4 lnx− ln2 x
= −

√
1− 4 lnx− ln2 x− 2 arcsin

lnx+ 2√
5

+ C
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Îòâåò.

∫
lnx dx

x
√

1− 4 lnx− ln2 x
= −

√
1− 4 lnx− ln2 x− 2 arcsin

lnx+ 2√
5

+ C

Âû÷èñëåíèå èíòåãðàëîâ ïðè ïîìîùè èíòåãðèðîâàíèÿ ïî ÷àñòÿì

Òåîðåìà. Ïóñòü ôóíêöèè u è v äèôôåðåíöèðóåìû íà èíòåðâàëå I
è ñóùåñòâóåò èíòåãðàë ∫

u(x) v′(x) dx

Òîãäà ñóùåñòâóåò èíòåãðàë ∫
u′(x) v(x) dx

è ñïðàâåäëèâà ôîðìóëà, íàçûâàåìàÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
u(x) v′(x) dx = u(x) v(x)−

∫
u′(x) v(x) dx

Ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì óäîáíî ïðèìåíÿòü äëÿ âû÷èñ-
ëåíèÿ òàêèõ èíòåãðàëîâ, ó êîòîðûõ â ïîäûíòåãðàëüíîì âûðàæåíèè
ôóíêöèÿ u(x) = xn , à ôóíêöèÿ v(x) � îäíà èç ôóíêöèé:
ex, sinx, cosx, shx, chx, èëè æå ÿâëÿåòñÿ ïðîèçâîäíîé èçâåñòíîé ôóíê-
öèè.

Ïîêàæåì ýòî íà ïðèìåðå.

Çàäà÷à 6 Íàéòè èíòåãðàë ∫
x2e−x dx

Ðåøåíèå.
Çàìåòèì, ÷òî

e−x =
(
−e−x

)′
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ïîýòîìó â êà÷åñòâå ôóíêöèé u(x) è v(x) âûáåðåì ôóíêöèè

u(x) = x2, v(x) = −e−x

è ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
x2e−x dx =

∫
x2
(
−e−x

)′
dx = −e−xx2 + 2

∫
x e−x dx

Êîíå÷íî æå, èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà,
ÿâëÿåòñÿ áîëåå ïðîñòûì ïî ñðàâíåíèþ ñ èñõîäíûì èíòåãðàëîì, ïîñêîëüêó â
íåì ïåðåìåííàÿ x óæå âõîäèò â ïåðâîé ñòåïåíè, à íå âî âòîðîé, îäíàêî èíòå-
ãðèðîâàíèå åù¼ íå çàêîí÷åíî. Ïîýòîìó ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ
ïî ÷àñòÿì âòîðîé ðàç, âûáðàâ â êà÷åñòâå ôóíêöèé u(x) è v(x) ôóíêöèè

u(x) = x, v(x) = −e−x

Òîãäà

∫
xe−x dx =

∫
x
(
−e−x

)′
dx = −e−xx+

∫
e−x dx = −e−xx− e−x + C

Òàêèì îáðàçîì,∫
x2e−x dx = −e−xx2 − 2e−xx− 2e−x + 2C

Îòâåò. ∫
x2e−x dx = −e−x

(
x2 + 2x+ 2

)
+ C

Ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì óäîáíî ïðèìåíÿòü äëÿ âû÷èñëåíèÿ
òàêèõ èíòåãðàëîâ, ó êîòîðûõ â ïîäûíòåãðàëüíîì âûðàæåíèè ôóíêöèÿ
u(x) ðåçêî óïðîùàåòñÿ â ðåçóëüòàòå äèôôåðåíöèðîâàíèÿ (îáû÷íî ýòî ëî-
ãàðèôìû èëè îáðàòíûå òðèãîíîìåòðè÷åñêèå ôóíêöèè), à ôóíêöèÿ v(x)
ÿâëÿåòñÿ ïðîèçâîäíîé èçâåñòíîé ôóíêöèè.

Ïîêàæåì ýòî íà ïðèìåðå.
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Çàäà÷à 7 (çàäàíèå, �1 �23.5) Íàéòè èíòåãðàë∫
arcsin2x dx

Ðåøåíèå.
Äëÿ âû÷èñëåíèÿ ýòîãî èíòåãðàëà âûáåðåì

u(x) = arcsin2x, v′(x) = 1 ⇒ v(x) = x

è ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì

∫
arcsin2x dx =

∫
1 · arcsin2x dx = x arcsin2x−

∫
x
2 arcsinx√

1− x2
dx =

= x arcsin2x− 2

∫
arcsinx

x√
1− x2

dx

Èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà, ÿâëÿåòñÿ áîëåå
ïðîñòûì ïî ñðàâíåíèþ ñ èñõîäíûì èíòåãðàëîì, òàê êàê â ïîäûíòåãðàëüíóþ
ôóíêöèþ arcsin x âõîäèò óæå â ïåðâîé ñòåïåíè, à íå âî âòîðîé, îäíàêî
èíòåãðèðîâàíèå åù¼ íå çàêîí÷åíî.

Ïîñêîëüêó (√
1− x2)′ = − x√

1− x2

òî èíòåãðèðîâàíèå ïî ÷àñòÿì ìîæíî ïðèìåíèòü âòîðîé ðàç, âûáðàâ â êà÷åñòâå
ôóíêöèé u(x) è v(x) ôóíêöèè

u(x) = arcsinx, v(x) = −
√

1− x2

Òîãäà ∫
arcsinx

x√
1− x2

dx =

∫
arcsinx

(
−
√
1− x2

)′
dx =

= −
√

1− x2 arcsinx+

∫ √
1− x2

1√
1− x2

dx =

= −
√

1− x2 arcsinx+

∫
dx = −

√
1− x2 arcsinx+ x+ C
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Òàêèì îáðàçîì,∫
arcsin2x dx = x arcsin2x+ 2

√
1− x2 arcsinx− 2x+ 2C

Îòâåò. ∫
arcsin2x dx = x arcsin2x+ 2

√
1− x2 arcsinx− 2x+ C

Ðàçáåðåì åùå îäèí òèïîâîé ïðèìåð èç çàäàíèÿ.

Çàäà÷à 8 (çàäàíèå, �1 �24.3) Íàéòè èíòåãðàë∫
eax sin bx dx , a2 + b2 ̸= 0.

Ðåøåíèå.
1 ñïîñîá.
Îáîçíà÷èì çàäàííûé èíòåãðàë ÷åðåç I è ïðèìåíèì ôîðìóëó èíòåãðè-

ðîâàíèÿ ïî ÷àñòÿì äâàæäû

I =

∫
eax sin bx dx =

∫
eax

(
−cos bx

b

)′
dx = −1

b
eax cos bx+

1

b

∫
a eax cos bx dx =

= −1

b
eax cos bx+

a

b

∫
eax

(
sin bx

b

)′
dx =

= −1

b
eax cos bx+

a

b2
eax sin bx− a

b2

∫
aeax sin bx dx =

=
eax(−b cos bx+ a sin bx)

b2
− a2

b2
I

Ðåøàÿ îòíîñèòåëüíî I óðàâíåíèå

I =
eax(−b cos bx+ a sin bx)

b2
− a2

b2
I

ïîëó÷àåì

I

(
1 +

a2

b2

)
=

eax(−b cos bx+ a sin bx)

b2
+ C
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Ñëåäîâàòåëüíî,

I =
eax(−b cos bx+ a sin bx)

a2 + b2
+ C

2 ñïîñîá.
Ïðåäñòàâèì çàäàííûé èíòåãðàë êàê ìíèìóþ ÷àñòü èíòåãðàëà îò êîì-

ïëåêñíîçíà÷íîé ôóíêöèè

∫
eax sin bx dx = Im

∫
eax eibx dx = Im

∫
e(a+ib)x dx = Im

(
e(a+ib)x

a+ ib
+D+iC

)
=

= Im

(
eax(cos bx+ i sin bx)(a− ib)

a2 + b2

)
+ C =

eax(−b cos bx+ a sin bx)

a2 + b2
+ C

Îòâåò. ∫
eax sin bx dx =

eax(−b cos bx+ a sin bx)

a2 + b2
+ C

Çàäà÷è íà âû÷èñëåíèå íåîïðåäåëåííûõ èíòåãðàëîâ èç
ýêçàìåíàöèîííûõ êîíòðîëüíûõ ðàáîò

Â ïèñüìåííûõ ýêçàìåíàöèîííûõ êîíòðîëüíûõ ðàáîòàõ îäíà èç çàäà÷ íà
âû÷èñëåíèå íåîïðåäåëåííûõ èíòåãðàëîâ ÿâëÿåòñÿ êîìáèíèðîâàííîé è ïðåä-
ïîëàãàåò ïðèìåíåíèå êàê ìåòîäà èíòåãðèðîâàíèÿ ïî ÷àñòÿì, òàê è ìåòîäà
çàìåíû ïåðåìåííîé.

Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðàõ.

Çàäà÷à 9 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2020-2021 ó÷. ãîäà)
Íàéòè èíòåãðàë ∫ √

x ln(1 + x) dx

Ðåøåíèå.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà âîñïîëüçóåìñÿ ñíà÷àëà ôîðìóëîé èíòåãðèðî-

âàíèÿ ïî ÷àñòÿì, âûáðàâ
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u(x) = ln(x+ 1), v′(x) =
√
x ⇒ v(x) =

2

3
x
√
x

Â ðåçóëüòàòå ïîëó÷èì∫ √
x ln(1 + x) dx =

2

3
x
√
x ln(1 + x)− 2

3

∫
x
√
x

1 + x
dx

Òåïåðü äëÿ âû÷èñëåíèÿ èíòåãðàëà, ñòîÿùåãî â ïðàâîé ÷àñòè ïîëó÷åííîãî
ðàâåíñòâà, ñäåëàåì â íåì çàìåíó ïåðåìåííîé

t =
√
x, dt =

1

2
√
x
dx ⇒ dx = 2tdt

Òîãäà ∫
x
√
x

1 + x
dx =

t =
√
x

dx = 2tdt

∫
t3

1 + t2
2tdt = 2

∫
t4

1 + t2
dt

Âûäåëÿÿ öåëóþ ÷àñòü äðîáè, ñòîÿùåé ïîä çíàêîì èíòåãðàëà, ïîëó÷àåì

2

∫
t4

1 + t2
dt = 2

∫ (
t2 − 1 +

1

1 + t2

)
dt =

2t3

3
− 2t+ 2 arctg t+ C

Òåïåðü íåîáõîäèìî âîçâðàòèòüñÿ ê èñõîäíîé ïåðåìåííîé x∫
x
√
x

1 + x
dx =

2x
√
x

3
− 2

√
x+ 2 arctg

√
x+ C

Òàêèì îáðàçîì,

∫ √
x ln(1 + x) dx =

2

3
x
√
x ln(1 + x)− 4x

√
x

9
+

4
√
x

3
− 4

3
arctg

√
x+ C

Îòâåò.

∫ √
x ln(1 + x) dx =

2

3
x
√
x ln(1 + x)− 4x

√
x

9
+

4
√
x

3
− 4

3
arctg

√
x+ C
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Çàäà÷à 10 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2016-2017 ó÷. ãîäà)
Íàéòè èíòåãðàë ∫

ex cos2 3
√
1 + ex

3
√
1 + ex

dx

Ðåøåíèå.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà ñäåëàåì ñíà÷àëà çàìåíó ïåðåìåííîé

t = ex, dt = exdx = tdx

Â ðåçóëüòàòå ïîëó÷èì∫
ex cos2 3

√
1 + ex

3
√
1 + ex

dx =

t = ex

dt = exdx

∫
cos2 3

√
1 + t

3
√
1 + t

dt

Òåïåðü ñäåëàåì åùå îäíó çàìåíó ïåðåìåííîé

y = 3
√
1 + t ⇒ t = y3 − 1, dt = 3y2dy

Òîãäà∫
cos2 3

√
1 + t

3
√
1 + t

dt =

y = 3
√
1 + t

dt = 3y2dy

∫
cos2 y

y
3y2dy = 3

∫
y cos2 y dy

Âîñïîëüçîâàâøèñü ôîðìóëîé ïîíèæåíèÿ ñòåïåíè òðèãîíîìåòðè÷åñêèõ
ôóíêöèé, ïîëó÷àåì

3

∫
y cos2 y dy =

3

2

∫
y (1 + cos 2y) dy =

3

2

∫
y dy +

3

2

∫
y cos 2y dy =

=
3y2

4
+

3

2

∫
y cos 2y dy
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Äëÿ âû÷èñëåíèÿ èíòåãðàëà ∫
y cos 2y dy

ïðèìåíèì èíòåãðèðîâàíèå ïî ÷àñòÿì, âûáðàâ

u(y) = y, v′(y) = cos 2y ⇒ v(y) =
1

2
sin 2y

Òîãäà

∫
y cos 2y dy =

y

2
sin 2y − 1

2

∫
sin 2y dy =

y

2
sin 2y +

1

4
cos 2y + C

Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé t, ïîëó÷àåì∫
cos2 3

√
1 + t

3
√
1 + t

dt =
3y2

4
+

3y

4
sin 2y +

3

8
cos 2y + C =

=
3 3
√
(1 + t)2

4
+

3 3
√
1 + t

4
sin

(
2 3
√
1 + t

)
+

3

8
cos

(
2 3
√
1 + t

)
+ C

Òàêèì îáðàçîì, ∫
ex cos2 3

√
1 + ex

3
√
1 + ex

dx =

=
3 3
√

(1 + ex)2

4
+

3 3
√
1 + ex

4
sin

(
2 3
√
1 + ex

)
+

3

8
cos

(
2 3
√
1 + ex

)
+ C

Îòâåò. ∫
ex cos2 3

√
1 + ex

3
√
1 + ex

dx =

=
3 3
√

(1 + ex)2

4
+

3 3
√
1 + ex

4
sin

(
2 3
√
1 + ex

)
+

3

8
cos

(
2 3
√
1 + ex

)
+ C
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Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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