
Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

Ñàìàðîâà Ñ.Ñ.

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ìíîãîìåðíûé àíàëèç, èíòåãðàëû è ðÿäû¿

1 êóðñ

Ïîñîáèå ïîñâÿùåíî ìåòîäàì âû÷èñëåíèÿ íåîïðåäåëåííûõ èíòåãðàëîâ îò

èððàöèîíàëüíûõ ôóíêöèé. Îñíîâó ýòèõ ìåòîäîâ ñîñòàâëÿåò ïîèñê ïîäõîäÿ-

ùèõ çàìåí ïåðåìåííîé, ïîçâîëÿþùèõ ñâåñòè èíòåãðàëû îò èððàöèîíàëüíûõ

ôóíêöèé ê èíòåãðàëàì îò ðàöèîíàëüíûõ äðîáåé. Ðàññìàòðèâàþòñÿ ïîäñòà-

íîâêè Ýéëåðà è ïîäñòàíîâêè, ñ ïîìîùüþ êîòîðûõ ìîæíî ïðîèíòåãðèðîâàòü

äèôôåðåíöèàëüíûé áèíîì. Ðåøàþòñÿ òèïîâûå ïðèìåðû èç ñòóäåí÷åñêèõ äî-

ìàøíèõ çàäàíèé è ýêçàìåíàöèîííûõ êîíòðîëüíûõ ðàáîò.

Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé, ñîäåðæàùèõ êîðíè èç
äðîáíî-ëèíåéíîãî âûðàæåíèÿ

Åñëè íåîïðåäåëåííûé èíòåãðàë èìååò âèä∫
R

(
x,

(
ax+ b

cx+ d

)m1

n1

,

(
ax+ b

cx+ d

)m2

n2

, . . . ,

(
ax+ b

cx+ d

)mk

nk

)
dx

òî èçáàâèòüñÿ îò ðàäèêàëîâ
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(
ax+ b

cx+ d

)m1

n1

,

(
ax+ b

cx+ d

)m2

n2

, . . . ,

(
ax+ b

cx+ d

)mk

nk

ìîæíî ïðè ïîìîùè çàìåíû ïåðåìåííîé

t =

(
ax+ b

cx+ d

) 1
n

ãäå n � íàèìåíüøåå îáùåå êðàòíîå ÷èñåë n1, n2, . . . , nk.

Çàäà÷à 1 (Ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 1969/1970 ó÷. ãîäà)
Íàéòè èíòåãðàë ∫

dx√
1 + x+ 3

√
1 + x

Ðåøåíèå.
Ñäåëàåì çàìåíó ïåðåìåííîé

t = (1 + x)1/6 ⇒ x = t6 − 1, dx = 6t5dt

Òîãäà ∫
dx√

1 + x+ 3
√
1 + x

=

x = t6 − 1

dx = 6t5dt

∫
6t5dt

t3 + t2
= 6

∫
t3dt

t+ 1

Ìû ïîëó÷èëè èíòåãðàë îò ðàöèîíàëüíîé äðîáè. Äëÿ òîãî, ÷òîáû åãî âû-

÷èñëèòü, âûäåëèì ó ýòîé äðîáè öåëóþ ÷àñòü, ðàçäåëèâ ÷èñëèòåëü íà çíàìå-

íàòåëü ñ îñòàòêîì

t3 t+ 1
t3+t2 t2 − t+ 1
−t2

−t2−t
t
t+1
−1
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Òàêèì îáðàçîì,

6

∫
t3dt

t+ 1
= 6

∫ (
t2 − t+ 1− 1

t+ 1

)
dt = 2t3 − 3t2 + 6t− 6 ln |t+ 1|+ C

Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé, ïîëó÷èì

∫
dx√

1 + x+ 3
√
1 + x

= 2
√
1 + x− 3 3

√
1 + x+ 6 6

√
1 + x− 6 ln

∣∣ 6
√
1 + x+ 1

∣∣+C

Îòâåò.

∫
dx√

1 + x+ 3
√
1 + x

= 2
√
1 + x− 3 3

√
1 + x+ 6 6

√
1 + x− 6 ln

∣∣ 6
√
1 + x+ 1

∣∣+C

Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé, ñîäåðæàùèõ
êâàäðàòíûé êîðåíü èç êâàäðàòíîãî òðåõ÷ëåíà. Ïîäñòàíîâêè

Ýéëåðà

Åñëè íåîïðåäåëåííûé èíòåãðàë èìååò âèä∫
R
(
x,
√

ax2 + bx+ c
)
dx , a ̸= 0, b2 − 4ac ̸= 0,

òî èçáàâèòüñÿ îò
√
ax2 + bx+ c ìîæíî ïðè ïîìîùè îäíîé èç ïîäñòàíîâîê

Ýéëåðà:

� ïðè a > 0 √
ax2 + bx+ c = ±

√
a x± t

� ïðè c > 0 √
ax2 + bx+ c = ±xt±

√
c
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� ïðè b2 − 4ac > 0 √
ax2 + bx+ c = ±

(
x− x1

)
t

ãäå x1 � îäèí èç êîðíåé óðàâíåíèÿ ax2 + bx+ c = 0.

Çàäà÷à 2 Íàéòè èíòåãðàë∫
dx

(x+ 1)
√
x2 + x+ 1

Ðåøåíèå.
Ïîñêîëüêó ó êâàäðàòíîãî òðåõ÷ëåíà x2 + x + 1 êîýôôèöèåíò ïðè x2

ïîëîæèòåëåí, òî âîñïîëüçóåìñÿ ïåðâîé ïîäñòàíîâêîé Ýéëåðà√
x2 + x+ 1 = x+ t

Âûðàçèì èç ýòîãî ðàâåíñòâà ïåðåìåííóþ x

x2 + x+ 1 = x2 + 2xt+ t2

x(2t− 1) = 1− t2

x =
1− t2

2t− 1
⇒ dx =

−2t(2t− 1)− 2(1− t2)

(2t− 1)2
dt =

−2(t2 − t+ 1)

(2t− 1)2
dt

Â ðåçóëüòàòå ïîëó÷èì

x+ 1 =
1− t2

2t− 1
+ 1 =

1− t2 + 2t− 1

2t− 1
=

2t− t2

2t− 1

√
x2 + x+ 1 = x+ t =

1− t2

2t− 1
+ t =

1− t2 + 2t2 − t

2t− 1
=

t2 − t+ 1

2t− 1
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Òåïåðü ïðîâåäåì, íàêîíåö, çàìåíó ïåðåìåííîé

∫
dx

(x+ 1)
√
x2 + x+ 1

=

x = 1−t2

2t−1

dx = −2(t2−t+1)
(2t−1)2 dt

∫
−2(t2 − t+ 1)(2t− 1)(2t− 1)

(2t− 1)2(2t− t2)(t2 − t+ 1)
dt =

= 2

∫
1

t(t− 2)
dt

Ïðåäñòàâèì ïîäûíòåãðàëüíóþ ôóíêöèþ â âèäå ñóììû ïðîñòåéøèõ äðî-

áåé ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

1

t(t− 2)
=

A

t
+

B

t− 2

Êàê ìû âèäåëè ðàíåå, êîýôôèöèåíòû A è B ìîæíî ëåãêî íàéòè ïî

ôîðìóëàì

A =
1

t− 2

∣∣∣∣
t=0

= −1

2

B =
1

t

∣∣∣∣
t=2

=
1

2

Òàêèì îáðàçîì,

2

∫
1

t(t− 2)
dt =

∫ (
−1

t
+

1

t− 2

)
dt = −

∫
dt

t
+

∫
dt

t− 2
=

= − ln |t|+ ln |t− 2|+ C

Îñòàåòñÿ âåðíóòüñÿ ê èñõîäíîé ïåðåìåííîé x

∫
dx

(x+ 1)
√
x2 + x+ 1

= − ln |
√

x2 + x+ 1−x|+ ln |
√

x2 + x+ 1−x− 2|+C
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Îòâåò.

∫
dx

(x+ 1)
√
x2 + x+ 1

= − ln |
√

x2 + x+ 1−x|+ ln |
√

x2 + x+ 1−x− 2|+C

Èíòåãðèðîâàíèå äèôôåðåíöèàëüíîãî áèíîìà

Íåîïðåäåëåííûé èíòåãðàë ∫
xr
(
axq + b

)p
dx ,

ãäå a, b � äåéñòâèòåëüíûå ÷èñëà, à r, p, q � ðàöèîíàëüíûå ÷èñëà, íàçû-

âàþò èíòåãðàëîì îò äèôôåðåíöèàëüíîãî áèíîìà.

Âû÷èñëèòü èíòåãðàë îò äèôôåðåíöèàëüíîãî áèíîìà ìîæíî òîëüêî â ñëå-

äóþùèõ ñëó÷àÿõ:

� p � öåëîå ÷èñëî.

Â ýòîì ñëó÷àå ïîä èíòåãðàëîì èìåþòñÿ êîðíè òîëüêî èç x. Êàê ìû

âèäåëè â íà÷àëå ýòîãî çàíÿòèÿ, äëÿ âû÷èñëåíèÿ òàêîãî èíòåãðàëà

íóæíî ñäåëàòü çàìåíó ïåðåìåííîé

x = ts,

ãäå s � íàèìåíüøåå îáùåå êðàòíîå çíàìåíàòåëåé ðàöèîíàëüíûõ

÷èñåë r è q.

�

r + 1

q
� öåëîå ÷èñëî.

Â ýòîì ñëó÷àå èíòåãðàë ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè

ñ ïîìîùüþ çàìåíû

axq + b = ts,

ãäå s � çíàìåíàòåëü ðàöèîíàëüíîãî ÷èñëà p.
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�

r + 1

q
+ p � öåëîå ÷èñëî.

Â ýòîì ñëó÷àå èíòåãðàë ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè

ñ ïîìîùüþ çàìåíû

axq + b

xq
= ts,

ãäå s � çíàìåíàòåëü ðàöèîíàëüíîãî ÷èñëà p.

Âî âñåõ îñòàëüíûõ ñëó÷àÿõ èíòåãðàë îò äèôôåðåíöèàëüíîãî áèíîìà íå

âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè.

Çàäà÷à 3 Íàéòè èíòåãðàë ∫
3

√
1 + 4

√
x dx

Ðåøåíèå.
Ïîä èíòåãðàëîì ñòîèò äèôôåðåíöèàëüíûé áèíîì, ó êîòîðîãî

r = 0, p =
1

3
, q =

1

4
Ïîñêîëüêó

r + 1

q
= 4 � öåëîå ÷èñëî,

òî ñäåëàåì â èíòåãðàëå çàìåíó ïåðåìåííîé

1 + 4
√
x = t3, ⇒ x =

(
t3 − 1

)4 ⇒ dx = 12
(
t3 − 1

)3
t2dt

Â ðåçóëüòàòå ïîëó÷àåì∫
3

√
1 + 4

√
x dx =

x =
(
t3 − 1

)4
dx = 12

(
t3 − 1

)3
t2dt

12

∫ (
t3 − 1

)3
t3dt =
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= 12

∫ (
t12 − 3t9 + 3t6 − t3

)
dt =

12 t13

13
− 36 t10

10
+

36 t7

7
− 3t4 + C =

=
12

13

(
1 + 4

√
x

)13
3
− 36

10

(
1 + 4

√
x

)10
3
+

36

7

(
1 + 4

√
x

)7
3
− 3

(
1 + 4

√
x

)4

+ C

Îòâåò. ∫
3

√
1 + 4

√
x dx =

=
12

13

(
1 + 4

√
x

)13
3
− 36

10

(
1 + 4

√
x

)10
3
+

36

7

(
1 + 4

√
x

)7
3
− 3

(
1 + 4

√
x

)4

+ C

Çàäà÷à 4 Íàéòè èíòåãðàë ∫
dx

x2 3

√(
2 + x3

)5
Ðåøåíèå.

Ïîä èíòåãðàëîì ñòîèò äèôôåðåíöèàëüíûé áèíîì, ó êîòîðîãî

r = −2, p = −5

3
, q = 3

Ïîñêîëüêó

r + 1

q
+ p = −1

3
− 5

3
= −2 � öåëîå ÷èñëî,

òî ñäåëàåì â èíòåãðàëå çàìåíó ïåðåìåííîé

2 + x3

x3
= t3, ⇒ x3 =

2

t3 − 1
⇒ x =

3
√
2
(
t3 − 1

)− 1
3 ⇒
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dx = −
3
√
2

3

(
t3 − 1

)− 4
3 3t2 dt = − 3

√
2
(
t3 − 1

)− 4
3 t2 dt

x−2 =
1
3
√
4

(
t3 − 1

)2
3 ,

(
2 + x3

)− 5
3 = (xt)−5 =

(
t3 − 1

)5
3

3
√
32 t5

Â ðåçóëüòàòå çàìåíû ïîëó÷àåì

∫
dx

x2 3

√(
2 + x3

)5 =

x = 3
√
2
(
t3 − 1

)− 1
3

dx = − 3
√
2
(
t3 − 1

)− 4
3 t2 dt

−1

4

∫
t3 − 1

t3
dt =

= −1

4

∫ (
1− 1

t3

)
dt = −1

4
t− 1

8t2
+ C = −

3
√
2 + x3

4x
− x2

8 3

√(
2 + x3

)2 + C

Îòâåò. ∫
dx

x2 3

√(
2 + x3

)5 = −
3
√
2 + x3

4x
− x2

8 3

√(
2 + x3

)2 + C

Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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