
Ïðàâèëî Ëîïèòàëÿ
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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ââåäåíèå â ìàòåìàòè÷åñêèé àíàëèç¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàåòñÿ ìåòîä âû÷èñëåíèÿ ïðåäåëîâ ôóíêöèé âèäà

lim
x→a

f(x)

g(x)
,

íàçûâàåìûé ¾Ïðàâèëî Ëîïèòàëÿ¿.

Òåîðåìà (Ïðàâèëî Ëîïèòàëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòåé òè-

ïà
0

0
èëè

∞
∞

).

Ïóñòü ôóíêöèè f(x) è g(x)

� äèôôåðåíöèðóåìû â ïðîêîëîòîé îêðåñòíîñòè òî÷êè a, ïðè÷åì
g′(x) ̸= 0 â ýòîé îêðåñòíîñòè;

� ôóíêöèè f(x) è g(x) ÿâëÿþòñÿ îäíîâðåìåííî ëèáî áåñêîíå÷íî ìàëû-
ìè, ëèáî áåñêîíå÷íî áîëüøèìè ïðè x → a;

� ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
x→a

f ′(x)

g′(x)

Òîãäà ñóùåñòâóåò
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lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

Çàìå÷àíèå. Ïðàâèëî Ëîïèòàëÿ ìîæíî èñïîëüçîâàòü êàê ïðè âû÷èñëå-
íèè ïðåäåëîâ ïðè x → a, òàê è ïðè âû÷èñëåíèè ïðåäåëîâ ïðè x → ∞,
x → +∞, x → −∞, x → a+ 0, x → a− 0 .

×àùå âñåãî ïðàâèëî Ëîïèòàëÿ ïðèìåíÿåòñÿ äëÿ âû÷èñëåíèÿ ïðåäåëîâ,
êîòîðûå íåâîçìîæíî íàéòè ñ ïîìîùüþ ðàçëîæåíèÿ ôóíêöèé ïî ôîðìóëå Òåé-
ëîðà â îêðåñòíîñòè òî÷êè a.

Íàèáîëåå ïîêàçàòåëüíûìè èç òàêèõ ïðåäåëîâ ÿâëÿþòñÿ ñëåäóþùèå.

Çàäà÷à 1 Íàéòè ïðåäåë

lim
x→+∞

x

ex

Ðåøåíèå. Ïî ïðàâèëó Ëîïèòàëÿ

lim
x→+∞

x

ex
= lim

x→+∞

(x)′

(ex)′
= lim

x→+∞

1

ex
= 0

Îòâåò. 0

Çàäà÷à 2 Íàéòè ïðåäåë

lim
x→+∞

ln2 x

x

Ðåøåíèå. Â äàííîì ïðèìåðå ïðàâèëî Ëîïèòàëÿ íóæíî ïðèìåíèòü äâàæäû

lim
x→+∞

ln2 x

x
= lim

x→+∞

(ln2 x)′

(x)′
= lim

x→+∞

2 lnx

x
= lim

x→+∞

(2 lnx)′

(x)′
= lim

x→+∞

2

x
= 0

Îòâåò. 0

Çàäà÷à 3 Íàéòè ïðåäåë

lim
x→+0

√
x lnx

Ðåøåíèå.

lim
x→+0

√
x lnx = lim

x→+0

lnx
1√
x

= lim
x→+0

(lnx)′(
1√
x

)′ = lim
x→+0

1
x

− 1
2x

√
x

= − lim
x→+0

2
√
x = 0

Îòâåò. 0
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Çàäà÷à 4 (çàäàíèå, �17, �47) Íàéòè ïðåäåë

lim
x→+0

sinx ln ctgx

Ðåøåíèå.

lim
x→+0

sinx ln ctgx = lim
x→+0

ln ctgx
1

sinx

= lim
x→+0

(ln ctgx)′(
1

sinx

)′ =

= lim
x→+0

1
ctgx ·

(−1)

sin2 x

− cosx
sin2 x

= lim
x→+0

sinx

cos2 x
= 0

Îòâåò. 0

Çàäà÷à 5 (çàäàíèå, �17, �76) Ïîêàçàòü, ÷òî ñëåäóþùèå ïðåäåëû íå ìî-

ãóò áûòü âû÷èñëåíû ïî ïðàâèëó Ëîïèòàëÿ è íàéòè ýòè ïðåäåëû

1. lim
x→∞

x+ cosx

x− cosx

2. lim
x→ 0

x3 sin 1
x

sin2 x

Ðåøåíèå.

1. Îáîçíà÷èì
f(x) = x+ cosx; g(x) = x− cosx

Òîãäà
f ′(x) = 1− sinx; g′(x) = 1 + sinx

Ïðîèçâîäíàÿ g′(x) îáðàùàåòñÿ â íóëü ïðè

x = −π

2
+ 2πn , n = 0± 1,±2, . . . .

Ñëåäîâàòåëüíî, â ëþáîé îêðåñòíîñòè áåñêîíå÷íîñòè åñòü íóëè ñòîÿùåé â
çíàìåíàòåëå äðîáè ôóíêöèè g′(x), ïîýòîìó ïðàâèëî Ëîïèòàëÿ ïðèìå-
íÿòü íåëüçÿ.

Âû÷èñëèì ýòîò ïðåäåë ïî-äðóãîìó:

lim
x→∞

x+ cosx

x− cosx
= lim

x→∞

1 + 1
x cosx

1− 1
x cosx

= 1
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2. Îáîçíà÷èì

f(x) = x3 sin
1

x
; g(x) = sin2 x

Òîãäà

f ′(x) = 3x2 sin
1

x
+ x3 cos

1

x

(−1)

x2
= 3x2 sin

1

x
− x cos

1

x
;

g′(x) = 2 sinx cosx = sin 2x

Ïîêàæåì, ÷òî íå ñóùåñòâóåò ïðåäåë

lim
x→ 0

f ′(x)

g′(x)
= lim

x→ 0

3x2 sin 1
x − x cos 1

x

sin 2x
(1)

Ïðåäïîëàãàÿ, ÷òî ïðåäåë (1) ñóùåñòâóåò, ðàññìîòðèì ïîñëåäîâàòåëü-
íîñòü

xn =
1

2πn
→ 0 (n → ∞)

Òîãäà

lim
n→∞

f ′(xn)

g′(xn)
= lim

n→∞

− 1
2πn

sin 1
πn

= −1

2

Ñ äðóãîé ñòîðîíû, åñëè ðàññìîòðåòü ïîñëåäîâàòåëüíîñòü

x̃n =
1

π + 2πn
→ 0 (n → ∞)

òî

lim
n→∞

f ′(x̃n)

g′(x̃n)
= lim

n→∞

1
π+2πn

sin 2
π+2πn

=
1

2

Â ñèëó îïðåäåëåíèÿ ïðåäåëà ôóíêöèè ïî Ãåéíå îòñþäà ñëåäóåò, ÷òî ïðå-
äåë (1) íå ñóùåñòâóåò.

Òàêèì îáðàçîì, ïðàâèëî Ëîïèòàëÿ ïðèìåíÿòü íåëüçÿ.
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Âû÷èñëèì ýòîò ïðåäåë ïî-äðóãîìó:

lim
x→ 0

x3 sin 1
x

sin2 x
= lim

x→ 0

x2

sin2 x
· lim
x→ 0

x sin
1

x
= 0

Îòâåò. 1. 1; 2. 0.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!

5


