
Ôîðìóëà Òåéëîðà

Ñàìàðîâà Ñ.Ñ.

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ââåäåíèå â ìàòåìàòè÷åñêèé àíàëèç¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàþòñÿ ìåòîäû ðåøåíèÿ çàäà÷ íà ðàçëîæåíèå ôóíê-
öèé ïî ôîðìóëå Òåéëîðà. Â êà÷åñòâå ïðèìåðîâ ïðèâîäÿòñÿ ðåøåíèÿ çàäà÷ èç
çàäàíèÿ äëÿ ñòóäåíòîâ, ñåìåñòðîâûõ è ýêçàìåíàöèîííûõ êîíòðîëüíûõ ðàáîò.

Ñðàâíåíèå ôóíêöèé. Ñèìâîëû ñðàâíåíèÿ

Ïðèâåäåì íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ.
Ïóñòü ôóíêöèè f(x) è g(x) îïðåäåëåíû â ïðîêîëîòîé îêðåñòíîñòè

òî÷êè x0 , ïðè÷åì g(x) ̸= 0 äëÿ âñåõ x èç ýòîé îêðåñòíîñòè.

Îïðåäåëåíèå 1 Ôóíêöèþ f(x) íàçûâàþò ýêâèâàëåíòíîé ôóíêöèè g(x)
ïðè x → x0 , åñëè ñóùåñòâóåò ïðåäåë

lim
x→x0

f(x)

g(x)
= 1

Â ýòîì ñëó÷àå èñïîëüçóþò îáîçíà÷åíèå f(x) ∼ g(x) ïðè x → x0 .

Îïðåäåëåíèå 2 Ôóíêöèþ f(x) íàçûâàþò î ìàëûì îò ôóíêöèè g(x) ïðè
x → x0 , åñëè ñóùåñòâóåò ïðåäåë

lim
x→x0

f(x)

g(x)
= 0
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Â ýòîì ñëó÷àå èñïîëüçóþò îáîçíà÷åíèå f(x) = o
(
g(x)

)
ïðè x → x0 .

Ñèìâîë î ìàëîå øèðîêî èñïîëüçóåòñÿ ïðè ðàçëîæåíèè ôóíêöèé ïî ôîð-
ìóëå Òåéëîðà è ïðè âû÷èñëåíèè ïðåäåëîâ è ïîçâîëÿåò ñóùåñòâåííî ñîêðàòèòü
çàïèñè.

Â òåõ ñëó÷àÿõ, êîãäà íå èìååò çíà÷åíèÿ, êàê êîíêðåòíî âûãëÿäèò ôóíê-
öèÿ f(x), à âàæíî òîëüêî òî, ÷òî îíà îáëàäàåò ñâîéñòâîì

lim
x→x0

f(x)

g(x)
= 0

âñåãäà óäîáíî çàìåíèòü åå íà o
(
g(x)

)
.

Çàìå÷àíèå. Ïîíÿòèå ýêâèâàëåíòíîñòè ôóíêöèé ïðè x → x0 è ïîíÿòèå
î ìàëîãî ïðè x → x0 äîñëîâíî ïåðåíîñÿòñÿ íà ñëó÷àè x → ∞, x → +∞,
x → −∞, x → x0 + 0, x → x0 − 0 .

Òåõíèêà ðàáîòû ñ o(f(x))

Ïðîèëëþñòðèðóåì ñâîéñòâà î ìàëûõ íà ñëåäóþùèõ ïðèìåðàõ.

Çàäà÷à 1 Âåðíî ëè ðàâåíñòâî

o
(
g(x)

)
+ o
(
g(x)

)
= o
(
g(x)

)
ïðè x → x0 ?

Ðåøåíèå. Ïîêàæåì, ÷òî ýòî ðàâåíñòâî âåðíîå. Äåéñòâèòåëüíî,

lim
x→x0

o
(
g(x)

)
+ o
(
g(x)

)
g(x)

= lim
x→x0

o
(
g(x)

)
g(x)

+ lim
x→x0

o
(
g(x)

)
g(x)

= 0 + 0 = 0

Îòâåò. Âåðíî.

Çàäà÷à 2 (çàäàíèå, �9, 51) Ïóñòü x → 0, n ∈ N, k ∈ N, n ⩾ k.
Ïîêàçàòü, ÷òî

1) o
(
xn
)
+ o
(
xk
)
= o
(
xk
)
;

2) o
(
xn
)
· o
(
xk
)
= o
(
xn+k

)
.
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Ðåøåíèå.

1) Äåéñòâèòåëüíî,

lim
x→0

o
(
xn
)
+ o
(
xk
)

xk
= lim

x→0

o
(
xn
)

xk
+ lim

x→0

o
(
xk
)

xk
=

= lim
x→0

o
(
xn
)

xn
· lim
x→0

xn−k + 0 = 0

2) Äåéñòâèòåëüíî,

lim
x→0

o
(
xn
)
· o
(
xk
)

xn+k
= lim

x→0

o
(
xn
)

xn
· lim
x→0

o
(
xk
)

xk
= 0

Äîêàçàíî.

Çàäà÷à 3 (çàäàíèå, �9, 50(4)) Âåðíû ëè óòâåðæäåíèÿ

1) ln
(
1 + ex

)
= o
(
1
)

ïðè x → +∞;

2) ln
(
1 + ex

)
= o
(
1
)

ïðè x → −∞ ?

Ðåøåíèå.
1) Íàéäåì ïðåäåë

lim
x→+∞

ln
(
1 + ex

)
1

= lim
x→+∞

ln
(
ex ·
(
e−x + 1

))
= lim

x→+∞

(
x+ ln

(
e−x + 1

))
= +∞

Çíà÷èò, óòâåðæäåíèå 1) íåâåðíîå.
2) Íàéäåì ïðåäåë

lim
x→−∞

ln
(
1 + ex

)
1

= lim
x→−∞

ln
(
1 + ex

)
= 0

Çíà÷èò, óòâåðæäåíèå 2) âåðíîå.

Çàäà÷à 4 (çàäàíèå, Ò3) Ïðè êàêèõ x0 ∈ R âûïîëíåíî

x2 − 2x+ 1 = o
(
x2 − 3x+ 2

)
ïðè x → x0 ?
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Ðåøåíèå.
Ðàññìîòðèì ïðåäåë

lim
x→x0

x2 − 2x+ 1

x2 − 3x+ 2
= lim

x→x0

(x− 1)2

(x− 1)(x− 2)
= lim

x→x0

x− 1

x− 2

Ïðåäåë

lim
x→x0

x− 1

x− 2

ðàâåí íóëþ â òîì è òîëüêî â òîì ñëó÷àå, êîãäà x0 = 1 .

Îòâåò. x0 = 1 .

Ðàçëîæåíèå ôóíêöèé ïî ôîðìóëå Òåéëîðà

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(x) (n−1) ðàç äèôôåðåíöèðóåìà â íåêî-
òîðîé îêðåñòíîñòè òî÷êè x0 è ñóùåñòâóåò êîíå÷íàÿ ïðîèçâîäíàÿ f (n)(x0).
Òîãäà äëÿ ôóíêöèè f(x) ñïðàâåäëèâî ðàâåíñòâî

f(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2!
(x− x0)

2 + . . .

. . .+
f (n)(x0)

n!
(x− x0)

n + o
(
(x− x0)

n
)

ïðè x → x0

Ýòî ðàâåíñòâî íàçûâàþò ðàçëîæåíèåì ôóêíöèè f(x) ïî ôîðìóëå Òåé-
ëîðà äî ïîðÿäêà n â òî÷êå x0.

Åãî òàêæå ìîæíî çàïèñàòü â âèäå

f(x) =
n∑

k=0

f (k)(x0)

k!
(x− x0)

k + o
(
(x− x0)

n
)

ïðè x → x0 (1)

Ìíîãî÷ëåí

n∑
k=0

f (k)(x0)

k!
(x− x0)

k

íàçûâàþò ìíîãî÷ëåíîì Òåéëîðà ïîðÿäêà n ôóíêöèè f(x) â òî÷êå x0, à
ôóíêöèþ

o
(
(x− x0)

n
)
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íàçûâàþò îñòàòî÷íûì ÷ëåíîì ïîðÿäêà n â ôîðìå Ïåàíî.
Åñëè x0 = 0, òî ôîðìóëà Òåéëîðà (1) ïðèíèìàåò âèä

f(x) =
n∑

k=0

f (k)(0)

k!
xk + o

(
xn
)

ïðè x → 0 (2)

è åå íàçûâàþò ôîðìóëîé Ìàêëîðåíà.

Çàäà÷à 5 (çàäàíèå, �9, 30(2)) Ïðåäñòàâèòü ôîðìóëîé Ìàêëîðåíà ñ o
(
xn
)

ôóíêöèþ

f(x) = sin |x|3 + ex

×èñëî n âûáðàòü íàèáîëüøèì.

Ðåøåíèå.
Îïðåäåëèì, ñêîëüêî ðàç ìîæíî äèôôåðåíöèðîâàòü ôóíêöèþ f(x) â

íóëå. Äëÿ ýòîãî âûÿñíèì ñíà÷àëà, ñóùåñòâóåò ëè ó f(x) ïðîèçâîäíàÿ â
íóëå. Ñ ýòîé öåëüþ íàéäåì ïðåäåëû

lim
x→+0

f(x)− f(0)

x
= lim

x→+0

sinx3 + ex − 1

x
=

= lim
x→+0

sinx3

x3
· lim
x→+0

x2 + lim
x→+0

ex − 1

x
= 1 · 0 + 1 = 1

lim
x→−0

f(x)− f(0)

x
= lim

x→−0

− sinx3 + ex − 1

x
=

= − lim
x→−0

sinx3

x3
· lim
x→−0

x2 + lim
x→−0

ex − 1

x
= −1 · 0 + 1 = 1

Ïîñêîëüêó

lim
x→+0

f(x)− f(0)

x
= lim

x→−0

f(x)− f(0)

x
= 1

òî ñóùåñòâóåò ïðîèçâîäíàÿ ôóíêöèè f(x) â íóëå

f ′(0) = 1

Ïðè x ̸= 0, íàõîäèì
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f ′(x) =
(
sin |x|3 + ex

)′
= cos |x|3 · 3|x|2 sgnx+ ex = cosx3 · 3x2 sgnx+ ex

Âûÿñíèì òåïåðü, ñóùåñòâóåò ëè âòîðàÿ ïðîèçâîäíàÿ ôóíêöèè f(x) â
íóëå. Íàéäåì ïðåäåëû

lim
x→+0

f ′(x)− f ′(0)

x
= lim

x→+0

cosx3 · 3x2 + ex − 1

x
=

= lim
x→+0

cosx3 · lim
x→+0

3x+ lim
x→+0

ex − 1

x
= 1 · 0 + 1 = 1

lim
x→−0

f ′(x)− f ′(0)

x
= lim

x→−0

− cosx3 · 3x2 + ex − 1

x
=

= − lim
x→−0

cosx3 · lim
x→−0

3x+ lim
x→−0

ex − 1

x
= −1 · 0 + 1 = 1

Ïîñêîëüêó

lim
x→+0

f ′(x)− f ′(0)

x
= lim

x→−0

f ′(x)− f ′(0)

x
= 1

òî ñóùåñòâóåò âòîðàÿ ïðîèçâîäíàÿ ôóíêöèè f(x) â íóëå

f ′′(0) = 1

Ïðè x ̸= 0, íàõîäèì

f ′′(x) =
(
cosx3 · 3x2 sgnx+ ex

)′
= − sinx3 · 9x4 sgnx+ cosx3 · 6x sgnx+ ex

Ïðîâåðèì, ñóùåñòâóåò ëè òðåòüÿ ïðîèçâîäíàÿ ôóíêöèè f(x) â íóëå.
Íàéäåì ïðåäåëû

lim
x→+0

f ′′(x)− f ′′(0)

x
= lim

x→+0

− sinx3 · 9x4 + cosx3 · 6x+ ex − 1

x
=

= − lim
x→+0

sinx3

x3
· lim
x→+0

9x6 + lim
x→+0

6 cosx3 + lim
x→+0

ex − 1

x
= −1 · 0 + 6 + 1 = 7

lim
x→−0

f ′′(x)− f ′′(0)

x
= lim

x→−0

sinx3 · 9x4 − cosx3 · 6x+ ex − 1

x
=
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= lim
x→−0

sinx3

x3
· lim
x→−0

9x6 − lim
x→−0

6 cosx3 + lim
x→−0

ex − 1

x
= 1 · 0− 6 + 1 = −5

Ïîñêîëüêó

lim
x→+0

f ′′(x)− f ′′(0)

x
̸= lim

x→−0

f ′′(x)− f ′′(0)

x

òî òðåòüÿ ïðîèçâîäíàÿ ôóíêöèè f(x) â íóëå íå ñóùåñòâóåò.
Çíà÷èò, ìû ìîæåì ðàçëîæèòü ôóíêöèþ f(x) ïî ôîðìóëå Ìàêëîðåíà

òîëüêî äî 2-ãî ïîðÿäêà. Çàïèøåì ýòî ðàçëîæåíèå

f(x) = f(0) + f ′(0)x+
f ′′(0)

2
x2 + o

(
x2
)
= 1 + x+

x2

2
+ o
(
x2
)

ïðè x → 0

Îòâåò. f(x) = 1 + x+
x2

2
+ o
(
x2
)

ïðè x → 0

Â íåêîòîðûõ çàäà÷àõ íà ðàçëîæåíèå ôóíêöèé ïî ôîðìóëå Òåéëîðà ïî-
ëåçíî èìåòü â âèäó ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1 Ïóñòü ôóíêöèÿ f(x) (n − 1) ðàç äèôôåðåíöèðóåìà â
íåêîòîðîé îêðåñòíîñòè òî÷êè x0 è ñóùåñòâóåò êîíå÷íàÿ ïðîèçâîäíàÿ
f (n)(x0). Òîãäà åå ðàçëîæåíèå (1) ïî ôîðìóëå Òåéëîðà åäèíñòâåííî.

Èç óòâåðæäåíèÿ 1 ñëåäóåò, ÷òî, åñëè êàêèì-íèáóäü ñïîñîáîì óäàëîñü
ïðåäñòàâèòü ôóíêöèþ f(x) â âèäå

f(x) = a0+a1(x−x0)+a2(x−x0)
2+. . .+an(x−x0)

n+o
(
(x−x0)

n
)

ïðè x → x0,

òî ýòî è áóäåò åå ðàçëîæåíèåì ïî ôîðìóëå Òåéëîðà.
Ïðîäåìîíñòðèðóåì, êàê ïðèìåíÿåòñÿ óòâåðæäåíèå 1 íà ïðèìåðå ðåøåíèÿ

ñëåäóþùåé çàäà÷è.

Çàäà÷à 6 (çàäàíèå, Ò4) Ðàçëîæèòå ïî ôîðìóëå Òåéëîðà â òî÷êå x = 0
ñ òî÷íîñòüþ äî o

(
x5
)

ôóíêöèþ

f(x) =
(
x+ x2 − x3 + x4

)3
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Ðåøåíèå.
Ïðåäñòàâèì ôóíêöèþ f(x) â äðóãîì âèäå

f(x) =
(
x+ x2 − x3 + x4

)3
= x3

(
1 + x− x2 + x3

)3
Ïîñêîëüêó ïðè âñåõ n > 2

xn = o
(
x2
)

ïðè x → 0,

òî âûïîëíèì óìíîæåíèå, óáèðàÿ â o
(
x2
)
âñå ñëàãàåìûå ñî ñòåïåíÿìè âûøå,

÷åì x âî âòîðîé ñòåïåíè

(
1 + x− x2 + x3

)2
=
(
1 + x− x2 + o

(
x2
))2

=(
1 + x− x2 + o

(
x2
))
·
(
1 + x− x2 + o

(
x2
))
= 1 + 2x− x2 + o

(
x2
)

Òîãäà(
1 + x− x2 + x3

)3
=
(
1 + 2x− x2 + o

(
x2
))
·
(
1 + x− x2 + o

(
x2
))
=

= 1 + 3x+ o
(
x2
)

Ñëåäîâàòåëüíî,

f(x) = x3 + 3x4 + o
(
x5
)

ïðè x → 0

Â ñèëó åäèíñòâåííîñòè ðàçëîæåíèÿ ïî ôîðìóëå Òåéëîðà ìû ïîëó÷èëè îòâåò.

Îòâåò. f(x) = x3 + 3x4 + o
(
x5
)

ïðè x → 0

Ðàçëîæåíèÿ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé ïî ôîðìóëå
Ìàêëîðåíà

Äëÿ ðåøåíèÿ çàäà÷, èñïîëüçóþùèõ ðàçëîæåíèÿ ôóíêöèé ïî ôîðìóëå
Òåéëîðà, íåîáõîäèìî âûó÷èòü íàèçóñòü ñëåäóþùèå îñíîâíûå ðàçëîæåíèÿ
ôóíêöèé ïî ôîðìóëå Ìàêëîðåíà n -ãî ïîðÿäêà.
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ex = 1 + x+
x2

2!
+

x3

3!
+ . . .+

xn

n!
+ o
(
xn
)
=

n∑
k=0

xk

k!
+ o
(
xn
)

shx = x+
x3

3!
+

x5

5!
+ . . .+

x2n+1

(2n+ 1)!
+ o
(
x2n+2

)
=

n∑
k=0

x2k+1

(2k + 1)!
+ o
(
x2n+2

)

ch x = 1 +
x2

2!
+

x4

4!
+ . . .+

x2n

(2n)!
+ o
(
x2n+1

)
=

n∑
k=0

x2k

(2k)!
+ o
(
x2n+1

)

sinx = x− x3

3!
+

x5

5!
+ . . .+

(−1)nx2n+1

(2n+ 1)!
+ o
(
x2n+2

)
=

n∑
k=0

(−1)kx2k+1

(2k + 1)!
+ o
(
x2n+2

)

cosx = 1− x2

2!
+

x4

4!
+ . . .+

(−1)nx2n

(2n)!
+ o
(
x2n+1

)
=

n∑
k=0

(−1)kx2k

(2k)!
+ o
(
x2n+1

)

ln(1 + x) = x− x2

2
+

x3

3
+ . . .+

(−1)n−1xn

n
+ o
(
xn
)
=

n∑
k=1

(−1)k−1xk

k
+ o
(
xn
)

(1 + x)α = 1 + αx+
α(α− 1)x2

2!
+ . . .+

α(α− 1) . . . (α− n+ 1)xn

n!
+ o
(
xn
)
=

=
n∑

k=0

Ck
αx

k + o
(
xn
)
,

ãäå

C0
α = 1, Ck

α =
α(α− 1) . . . (α− k + 1)

k!
, k = 1, 2, . . . , n

Ïðè çàïîìèíàíèè ôîðìóë íóæíî îáðàòèòü âíèìàíèå íà ñòåïåíè x â
î ìàëûõ. Â ôîðìóëàõ äëÿ ñèíóñà, êîñèíóñà, ãèïåðáîëè÷åñêîãî ñèíóñà è ãè-
ïåðáîëè÷åñêîãî êîñèíóñà ñòåïåíü x â î ìàëûõ íà åäèíèöó áîëüøå, ÷åì â
ïîñëåäíåì íåíóëåâîì ñëàãàåìîì.
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Ïðèìåðû ðåøåíèÿ çàäà÷ èç ñåìåñòðîâûõ è ýêçàìåíàöèîííûõ
êîòðîëüíûõ ðàáîò

Çàäà÷à 7 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2016/2017) Ôóíêöèþ

f(x) =
1

x
√
x

ðàçëîæèòü ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè x0 =
1

2
äî

o
(
(x− x0)

n
)
.

Ðåøåíèå. Ââåäåì íîâóþ ïåðåìåííóþ

t = x− 1

2
⇔ x = t+

1

2

Òîãäà ôóíêöèÿ f(x) ïðèìåò âèä

f(x) =
1

x
√
x
= x−

3
2 =

(
t+

1

2

)− 3
2

= 2
√
2 (1 + 2t)−

3
2

Åñëè âîñïîëüçîâàòüñÿ îñíîâíûì ðàçëîæåíèåì

(1 + x)α =
n∑

k=0

Ck
αx

k + o
(
xn
)
,

â êîòîðîå âìåñòî x ïîäñòàâèì 2t, à âìåñòî α ïîäñòàâèì
(
−3

2

)
, ïîëó÷èì

2
√
2 (1 + 2t)−

3
2 = 2

√
2

n∑
k=0

Ck
− 3

2
(2t)k + o

(
tn
)

Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé x, çàïèøåì îòâåò çàäà÷è.

Îòâåò.

f(x) = 2
√
2

n∑
k=0

Ck
− 3

2
2k
(
x− 1

2

)k

+ o

((
x− 1

2

)n
)
,

ãäå

C0
− 3

2
= 1, Ck

− 3
2
=

(
−3

2

) (
−3

2 − 1
)
. . .
(
−3

2 − k + 1
)

k!
, k = 1, 2, . . . , n

10



Çàäà÷à 8 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2005/2006) Ðàçëîæèòü
ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè x0 = 0 äî o

(
xn
)

ôóíêöèþ

f(x) =
4x+ 1

(2− x)(x+ 1)2

Ðåøåíèå. Ïîñêîëüêó ôóíêöèÿ f(x) ÿâëÿåòñÿ ðàöèîíàëüíîé äðîáüþ,
òî ñíà÷àëà ðàçëîæèì äàííóþ ðàöèîíàëüíóþ äðîáü íà ïðîñòåéøèå äðîáè, ò.å.
ïðåäñòàâèì åå â âèäå

4x+ 1

(2− x)(x+ 1)2
=

A

x− 2
+

B

x+ 1
+

C

(x+ 1)2
(3)

ãäå A, B, C � ÷èñëà, êîòîðûå ìû ïîêà åù¼ íå çíàåì.
Äëÿ òîãî, ÷òîáû íàéòè ÷èñëî A, óìíîæèì òîæäåñòâî (3) íà (x− 2)

−(4x+ 1)

(x+ 1)2
= A+

B(x− 2)

x+ 1
+

C(x− 2)

(x+ 1)2

Ïîäñòàâëÿÿ x = 2, íàõîäèì
A = −1

Òî÷íî òàê æå ìîæíî íàéòè ÷èñëî C. Äëÿ ýòîãî óìíîæèì òîæäåñòâî (3) íà
(x+ 1)2

4x+ 1

2− x
=

A(x+ 1)2

x− 2
+B(x+ 1) + C

Ïîäñòàâëÿÿ x = −1, íàõîäèì

C = −1

Îñòàâøååñÿ ñëàãàåìîå íàéäåì èç ôîðìóëû (3) âû÷èòàíèåì

B

x+ 1
=

4x+ 1

(2− x)(x+ 1)2
+

1

x− 2
+

1

(x+ 1)2
=

4x+ 1− x2 − 2x− 1 + 2− x

(2− x)(x+ 1)2
=

=
−x2 + x+ 2

(2− x)(x+ 1)2
=

−(x+ 1)(x− 2)

(2− x)(x+ 1)2
=

1

x+ 1

Òàêèì îáðàçîì,

f(x) =
4x+ 1

(2− x)(x+ 1)2
= − 1

x− 2
+

1

x+ 1
− 1

(x+ 1)2
=

11



=
1
2

1− x
2

+
1

1 + x
− 1

(1 + x)2
=

1

2

(
1− x

2

)−1

+ (1 + x)−1 − (1 + x)−2

Âîñïîëüçîâàâøèñü äëÿ êàæäîãî ñëàãàåìîãî îñíîâíûì ðàçëîæåíèåì

(1 + x)α =
n∑

k=0

Ck
αx

k + o
(
xn
)
,

ïîëó÷èì

f(x) =
1

2

n∑
k=0

Ck
−1

(
−x

2

)k

+
n∑

k=0

Ck
−1x

k −
n∑

k=0

Ck
−2x

k + o
(
xn
)

Ïðèâåäåì ïîäîáíûå ÷ëåíû (ïðè ðåøåíèè çàäà÷ íà ðàçëîæåíèå ïî ôîðìó-
ëå Òåéëîðà ýòî ÿâëÿåòñÿ îáÿçàòåëüíûì)

f(x) =
n∑

k=0

[
1

2
Ck

−1

(
−1

2

)k

+ Ck
−1 − Ck

−2

]
xk + o

(
xn
)
,

ãäå

C0
−1 = 1, Ck

−1 =
(−1)(−2)(−3) . . . (−1− k + 1)

k!
= (−1)k , k = 1, 2, . . . , n;

C0
−2 = 1, Ck

−2 =
(−2)(−3)(−4) . . . (−2− k + 1)

k!
= (−1)k(k+1) , k = 1, 2, . . . , n.

Ñëåäîâàòåëüíî,

f(x) =
n∑

k=0

[
1

2k+1
+ (−1)k − (−1)k(k + 1)

]
xk + o

(
xn
)
=

=
n∑

k=0

[
1

2k+1
+ (−1)k+1k

]
xk + o

(
xn
)

Îòâåò.

f(x) =
n∑

k=0

[
1

2k+1
+ (−1)k+1k

]
xk + o

(
xn
)

Çàäà÷à 9 (ýêçàìåíàöèîííàÿ êîíòðîëüíàÿ ðàáîòà 2020/2021) Ðàçëîæèòå

ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè x0 =
1

3
äî o

(
(x− x0)

2n
)

ôóíê-
öèþ

f(x) = (9x2 − 6x− 1) cos2(1− 3x)

12



Ðåøåíèå. Ââåäåì íîâóþ ïåðåìåííóþ

t = x− 1

3
⇔ x = t+

1

3

Òîãäà ôóíêöèÿ f(x) ïðèìåò âèä

f(x) = (9x2 − 6x− 1) cos2(1− 3x) =
(
(3x− 1)2 − 2

)
cos2(3x− 1) =

=
(
9t2 − 2

)
cos2 3t =

1

2

(
9t2 − 2

)
(1 + cos 6t) =

9t2

2
− 1 +

(
9t2

2
− 1

)
cos 6t

Ïîäñòàâëÿÿ x = 6t â îñíîâíîå ðàçëîæåíèå

cosx =
n∑

k=0

(−1)kx2k

(2k)!
+ o
(
x2n+1

)
ïîëó÷èì

cos 6t =
n∑

k=0

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
Òîãäà

f =
9t2

2
− 1 +

(
9t2

2
− 1

) n∑
k=0

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
Ðàñêðîåì ñêîáêè.

f =
9t2

2
− 1 +

9

2

n∑
k=0

(−1)k 62k t2k+2

(2k)!
−

n∑
k=0

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà, ïðèâåäåì ïî-
äîáíûå ÷ëåíû. Ñ ýòîé öåëüþ, èçìåíèâ ïåðåìåííóþ ñóììèðîâàíèÿ â ïåðâîé
ñóììå ïî ôîðìóëå

m = k + 1 ⇔ k = m− 1,

ïîëó÷èì

f =
9t2

2
− 1 +

9

2

n+1∑
m=1

(−1)m−1 62m−2 t2m

(2m− 2)!
−

n∑
k=0

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
13



Ñäåëàåì îäèíàêîâûìè ïðåäåëû ñóììèðîâàíèÿ â îáåèõ ñóììàõ

f =
9t2

2
− 1 +

9

2

n∑
m=1

(−1)m−1 62m−2 t2m

(2m− 2)!
+

9(−1)n 62n t2n+2

2(2n)!
− 1−

−
n∑

k=1

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
Ïîñêîëüêó

9(−1)n 62n t2n+2

2(2n)!
= o
(
t2n+1

)
,

òî

f =
9t2

2
− 2 +

9

2

n∑
m=1

(−1)m−1 62m−2 t2m

(2m− 2)!
−

n∑
k=1

(−1)k 62k t2k

(2k)!
+ o
(
t2n+1

)
Ñíîâà èçìåíÿÿ ïåðåìåííóþ ñóììèðîâàíèÿ â ïåðâîé ñóììå ñ m íà k ,
ïðèâîäèì ïîäîáíûå ÷ëåíû

f =
9t2

2
− 2 +

n∑
k=1

[
9(−1)k−1 62k−2

2(2k − 2)!
− (−1)k 62k

(2k)!

]
t2k + o

(
t2n+1

)
=

=
9t2

2
− 2 +

(
9

2
+ 18

)
t2 +

n∑
k=2

(−1)k−1 62k−2

(2k)!
[9(2k − 1)k + 36] t2k + o

(
t2n+1

)
=

= −2 + 27t2 + 9
n∑

k=2

(−1)k−1 62k−2

(2k)!
(2k2 − k + 4) t2k + o

(
t2n+1

)
Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé x, çàïèøåì îòâåò çàäà÷è.

Îòâåò.

f(x) = −2 + 27

(
x− 1

3

)2

+ 9
n∑

k=2

(−1)k−1 62k−2

(2k)!
(2k2 − k + 4)

(
x− 1

3

)2k

+

+o

((
x− 1

3

)2n+1)
14



Çàäà÷à 10 (ñåìåñòðîâàÿ êîíòðîëüíàÿ ðàáîòà 2009/2010) Ïðåäñòàâèòü
ôîðìóëîé Òåéëîðà ôóíêöèþ

y = x ln(x2 + x)

â îêðåñòíîñòè òî÷êè x0 = 2 äî o
(
(x− 2)n

)
Ðåøåíèå. Ââîäÿ íîâóþ ïåðåìåííóþ

t = x− 2 ⇔ x = t+ 2

è ïðåîáðàçîâûâàÿ ëîãàðèôì ïðîèçâåäåíèÿ ôóíêöèé â ñóììó ëîãàðèôìîâ,
ïîëó÷àåì

y = x ln(x2 + x) = x
(
lnx+ ln(x+ 1)

)
= (t+ 2)

(
ln(t+ 2) + ln(t+ 3)

)
=

= (t+ 2)

(
ln 2 + ln

(
1 +

t

2

)
+ ln 3 + ln

(
1 +

t

3

))
Èñïîëüçóÿ îñíîâíîå ðàçëîæåíèå

ln(1 + x) =
n∑

k=1

(−1)k−1xk

k
+ o
(
xn
)

ïîëó÷èì

y = (t+ 2)

(
ln 6 +

n∑
k=1

(−1)k−1

k

(
t

2

)k

+
n∑

k=1

(−1)k−1

k

(
t

3

)k
)

+ o
(
tn
)
=

= (t+ 2)

(
ln 6 +

n∑
k=1

(−1)k−1 tk

k

(
1

2k
+

1

3k

))
+ o
(
tn
)

Ðàñêðîåì ñêîáêè.

y = 2 ln 6 + t ln 6 +
n∑

k=1

(−1)k−1 tk+1

k

(
1

2k
+

1

3k

)
+

+
n∑

k=1

2(−1)k−1 tk

k

(
1

2k
+

1

3k

)
+ o
(
tn
)

15



Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà, ïðèâåäåì ïî-
äîáíûå ÷ëåíû. Ñ ýòîé öåëüþ, èçìåíèâ ïåðåìåííóþ ñóììèðîâàíèÿ â ïåðâîé
ñóììå ïî ôîðìóëå

m = k + 1 ⇔ k = m− 1,

ïîëó÷èì

y = 2 ln 6 + t ln 6 +
n+1∑
m=2

(−1)m−2 tm

m− 1

(
1

2m−1
+

1

3m−1

)
+

+
n∑

k=1

2(−1)k−1 tk

k

(
1

2k
+

1

3k

)
+ o
(
tn
)

Ñäåëàåì îäèíàêîâûìè ïðåäåëû ñóììèðîâàíèÿ â îáåèõ ñóììàõ

y = 2 ln 6+ t ln 6+
n∑

m=2

(−1)m tm

m− 1

(
1

2m−1
+

1

3m−1

)
+

(−1)n+1 tn+1

n

(
1

2n
+

1

3n

)
+

+2t

(
1

2
+

1

3

)
+

n∑
k=2

2(−1)k−1 tk

k

(
1

2k
+

1

3k

)
+ o
(
tn
)

Ïîñêîëüêó
(−1)n+1 tn+1

n

(
1

2n
+

1

3n

)
= o
(
tn
)
,

òî

y = 2 ln 6 + t

(
ln 6 +

5

3

)
+

n∑
m=2

(−1)m tm

m− 1

(
1

2m−1
+

1

3m−1

)
+

+
n∑

k=2

2(−1)k−1 tk

k

(
1

2k
+

1

3k

)
+ o
(
tn
)

Ñíîâà èçìåíÿÿ ïåðåìåííóþ ñóììèðîâàíèÿ â ïåðâîé ñóììå ñ m íà k ,
ïðèâîäèì ïîäîáíûå ÷ëåíû

y = 2 ln 6 + t

(
ln 6 +

5

3

)
+

+
n∑

k=2

(−1)k tk
(

1

(k − 1) 2k−1
+

1

(k − 1) 3k−1
− 2

k 2k
− 2

k 3k

)
+ o
(
tn
)
=

16



= 2 ln 6 + t

(
ln 6 +

5

3

)
+

n∑
k=2

(−1)k tk

k(k − 1)

(
1

2k−1
+

k + 2

3k

)
+ o
(
tn
)

Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé x, çàïèøåì îòâåò çàäà÷è.

Îòâåò.

y = 2 ln 6+(x−2)

(
ln 6 +

5

3

)
+

n∑
k=2

(−1)k (x− 2)k

k(k − 1)

(
1

2k−1
+

k + 2

3k

)
+o
(
(x−2)n

)
Íåêîòîðûå âàæíûå ðàçëîæåíèÿ ïî ôîðìóëå Ìàêëîðåíà

Â äàííîì ðàçäåëå ìû ïîëó÷èì ðàçëîæåíèÿ ïî ôîðìóëå Ìàêëîðåíà äî
o
(
x6
)
ñëåäóþùèõ ôóíêöèé:

� y = tgx,

� y = thx,

� y = arcsinx,

� y = arccosx,

� y = arctgx,

� y = arcctgx.

1. Èñïîëüçîâàíèå äåëåíèÿ äëÿ ïîëó÷åíèÿ ðàçëîæåíèÿ ïî ôîðìóëå Ìà-
êëîðåíà.

Çàäà÷à 11 (çàäàíèå, Ò5 à)) Ïðåäñòàâèòü ôîðìóëîé Ìàêëîðåíà äî o
(
x6
)

ôóíêöèþ
y = tgx

Ðåøåíèå. Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçëîæåíèå ôóíêöèè

y = tgx =
sinx

cosx

äî o
(
x6
)
, äîñòàòî÷íî âîñïîëüçîâàòüñÿ îñíîâíûìè ðàçëîæåíèÿìè ôóíêöèé

sinx è cosx â âèäå

sinx = x− x3

6
+

x5

120
+ o
(
x6
)

17



cosx = 1− x2

2
+

x4

24
+ o
(
x5
)

Êàê ìû óâèäèì äàëåå, ôóíêöèþ cosx äîñòàòî÷íî ðàçëîæèòü äî o
(
x5
)
,

ïîñêîëüêó ðàçëîæåíèå ôóíêöèè sinx íà÷èíàåòñÿ ñ x (â ïåðâîé ñòåïåíè).
Äåéñòâèòåëüíî,

y =
sinx

cosx
=

x− x3

6 + x5

120 + o
(
x6
)

1− x2

2 + x4

24 + o
(
x5
) =

=

(
x− x3

6
+

x5

120
+ o
(
x6
))(

1− x2

2
+

x4

24
+ o
(
x5
))−1

Òåïåðü, èñïîëüçóÿ îñíîâíîå ðàçëîæåíèå

(1 + t)−1 = 1 + (−1)t+
(−1)(−2)t2

2!
+

(−1)(−2)(−3)t3

3!
+ o
(
t3
)
=

= 1− t+ t2 − t3 + o
(
t3
)

äëÿ

t = −x2

2
+

x4

24
ïðîäîëæàåì

y =

(
x− x3

6
+

x5

120
+ o
(
x6
))[

1−
(
−x2

2
+

x4

24

)
+

+

(
−x2

2
+

x4

24

)2

−
(
−x2

2
+

x4

24

)3

+ o
(
x6
)]

=

=

(
x− x3

6
+

x5

120
+ o
(
x6
))(

1 +
x2

2
− x4

24
+

x4

4
+ o
(
x5
))

=

=

(
x− x3

6
+

x5

120
+ o
(
x6
))(

1 +
x2

2
+

5x4

24
+ o
(
x5
))

=

= x− x3

6
+

x5

120
+

x3

2
− x5

12
+

5x5

24
+ o
(
x6
)
= x+

x3

3
+

2x5

15
+ o
(
x6
)

Îòâåò. tgx = x+
x3

3
+

2x5

15
+ o
(
x6
)
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Çàäà÷à 12 (çàäàíèå, Ò5 ã)) Ïðåäñòàâèòü ôîðìóëîé Ìàêëîðåíà äî o
(
x6
)

ôóíêöèþ
y = thx

Ðåøåíèå. Ïîñòóïàåì ïî àíàëîãèè ñ ðåøåíèåì çàäà÷è 12.

y = thx =
shx

chx
=

x+ x3

6 + x5

120 + o
(
x6
)

1 + x2

2 + x4

24 + o
(
x5
) =

=

(
x+

x3

6
+

x5

120
+ o
(
x6
))(

1 +
x2

2
+

x4

24
+ o
(
x5
))−1

=

=

(
x+

x3

6
+

x5

120
+ o
(
x6
))[

1−
(
x2

2
+

x4

24

)
+

+

(
x2

2
+

x4

24

)2

−
(
x2

2
+

x4

24

)3

+ o
(
x6
)]

=

=

(
x+

x3

6
+

x5

120
+ o
(
x6
))(

1− x2

2
− x4

24
+

x4

4
+ o
(
x5
))

=

=

(
x+

x3

6
+

x5

120
+ o
(
x6
))(

1− x2

2
+

5x4

24
+ o
(
x5
))

=

= x+
x3

6
+

x5

120
− x3

2
− x5

12
+

5x5

24
+ o
(
x6
)
= x− x3

3
+

2x5

15
+ o
(
x6
)

Îòâåò. thx = x− x3

3
+

2x5

15
+ o
(
x6
)

2. Èñïîëüçîâàíèå ðàçëîæåíèÿ ôóíêöèè f ′(x) ïî ôîðìóëå Ìàêëîðåíà äëÿ
ïîëó÷åíèÿ ðàçëîæåíèÿ ôóíêöèè f(x) ïî ôîðìóëå Ìàêëîðåíà.

Âûïèøåì â îáùåì âèäå ôîðìóëû Ìàêëîðåíà äëÿ ôóíêöèé f(x) è f ′(x)

f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 +

f (3)(0)

3!
x3 + . . .+

f (n)(0)

n!
xn + o

(
xn
)

f ′(x) = f ′(0) + f ′′(0)x+
f (3)(0)

2!
x2 + . . .+

f (n)(0)

(n− 1)!
xn−1 + o

(
xn−1

)
=

=

(
f(0) + f ′(0)x+

f ′′(0)

2!
x2 +

f (3)(0)

3!
x3 + . . .+

f (n)(0)

n!
xn
)′

+ o
(
xn−1

)
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Ïîýòîìó, åñëè èçâåñòíî ðàçëîæåíèå ôóíêöèè f ′(x) ïî ôîðìóëå Ìàêëîðå-
íà äî o

(
xn−1

)
f ′(x) = a0 + a1x+ a2x

2 + . . .+ an−1x
n−1 + o

(
xn−1

)
,

òî ðàçëîæåíèå ôóíêöèè f(x) ïî ôîðìóëå Ìàêëîðåíà äî o
(
xn
)
ìîæíî ïîëó-

÷èòü ïî ôîðìóëå

f(x) = f(0) + a0x+
a1
2

x2 +
a2
3

x3 + . . .+
an−1

n
xn + o

(
xn
)

(4)

Çàäà÷à 13 (çàäàíèå, Ò5 á)) Ïðåäñòàâèòü ôîðìóëîé Ìàêëîðåíà äî o
(
x6
)

ôóíêöèþ

y = arctgx

Ðåøåíèå. Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçëîæåíèå ôóíêöèè y = arctgx
äî o

(
x6
)
, ðàçëîæèì ñíà÷àëà åå ïðîèçâîäíóþ

y′ =
1

1 + x2

äî o
(
x5
)
.

Âîñïîëüçîâàâøèñü îñíîâíûì ðàçëîæåíèåì

(1 + t)−1 = 1 + (−1)t+
(−1)(−2)

2
t2 +

(−1)(−2)(−3)

6
t2 + o

(
t3
)
=

= 1− t+ t2 − t3 + o
(
t3
)

ïðè t = x2 ïîëó÷àåì

y′ =
1

1 + x2
= 1− x2 + x4 − x6 + o

(
x6
)
= 1− x2 + x4 + o

(
x5
)

Îòñþäà ñ ïîìîùüþ ôîðìóëû (4) íàõîäèì

y(x) = y(0) + x− x3

3
+

x5

5
+ o
(
x6
)
= x− x3

3
+

x5

5
+ o
(
x6
)

Îòâåò. arctgx = x− x3

3
+

x5

5
+ o
(
x6
)
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Çàìå÷àíèå. Ðàçëîæåíèå ôóíêöèè

y = arcctgx

ïî ôîðìóëå Ìàêëîðåíà äî o
(
x6
)
ëåãêî ïîëó÷àåòñÿ ñ ïîìîùüþ ôîðìóëû

arcctgx =
π

2
− arctgx =

π

2
− x+

x3

3
− x5

5
+ o
(
x6
)

Çàäà÷à 14 (çàäàíèå, Ò5 â)) Ïðåäñòàâèòü ôîðìóëîé Ìàêëîðåíà äî o
(
x6
)

ôóíêöèþ

y = arcsinx

Ðåøåíèå. Ïîñòóïàåì ïî àíàëîãèè ñ ðåøåíèåì çàäà÷è 14.
Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçëîæåíèå ôóíêöèè y = arcsinx äî o

(
x6
)
,

ðàçëîæèì ñíà÷àëà åå ïðîèçâîäíóþ

y′ =
1√

1− x2

äî o
(
x5
)
.

Âîñïîëüçîâàâøèñü îñíîâíûì ðàçëîæåíèåì

(1+t)−
1
2 = 1+

(
−1

2

)
t+

(
−1

2

) (
−1

2 − 1
)

2
t2+

(
−1

2

) (
−1

2 − 1
) (

−1
2 − 2

)
6

t2+o
(
t3
)
=

= 1− t

2
+

1
2 ·

3
2

2
t2 −

1
2 ·

3
2 ·

5
2

6
t2 + o

(
t3
)
= 1− t

2
+

3

8
t2 − 5

16
t3 + o

(
t3
)

ïðè t = −x2 ïîëó÷àåì

y′ =
1√

1− x2
= 1 +

x2

2
+

3

8
x4 +

5

16
x6 + o

(
x6
)
= 1 +

x2

2
+

3

8
x4 + o

(
x5
)

Ñëåäîâàòåëüíî, ïî ôîðìóëå (4) íàõîäèì

y(x) = y(0) + x+
x3

6
+

3x5

40
+ o
(
x6
)
= x+

x3

6
+

3x5

40
+ o
(
x6
)

Îòâåò. arcsinx = x+
x3

6
+

3x5

40
+ o
(
x6
)
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Çàìå÷àíèå. Ðàçëîæåíèå ôóíêöèè

y = arccosx

ïî ôîðìóëå Ìàêëîðåíà äî o
(
x6
)
ëåãêî ïîëó÷àåòñÿ ñ ïîìîùüþ ôîðìóëû

arccosx =
π

2
− arcsinx =

π

2
− x− x3

6
− 3x5

40
+ o
(
x6
)

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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